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FORFWORD 
This  report  describing  the  formulation  of  the  Statistical 
Trajectory  Estimation  Programs  is  provided  in  accordance  with 
Part  IV.A.4  of  NASA  Contract NAS 1-8500. An additional  report 
describing  utilization  of  these  programs  is  presented  in NASA 
CR-66837. 
This  work  was  conducted  for  NASA  Langley  Research  Center 
under  the  direction of Robert J. Mayfiue (Technical  Monitor), 
Sherwood  Hoffman  (Alternate  Monitor),  both of the  Applied 
Materials  and  Physics  Division,  and  George B. Boyles  (Computer 
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FORMULATION ON STATISTICAL  TRAJECTORY ESTIMATION PROGRAMS 
By William E. Wagner and  Arno C .  Sero ld  
M a r t i n  M a r i e t t a  C o r p o r a t i o n  
SUMMARY 
Th i s   r epor t   documen t s   t he   t heo ry ,   equa t ions ,   and   numer i ca l  
t e c h n i q u e s  i n  t h e  S t a t i s t i c a l  T r a j e c t o r y  E s t i m a t i o n  P r o g r a m s  
(STEP1 and STEP2). These  programs were o r ig ina l ly   deve loped   and  
used on the U.S. A i r  Force  Prec is ion  Recovery  Inc luding  Maneuver-  
i n g   E n t r y  (PRIME) P r o g r a m   t o   p e r f o r m   t h e   p o s t f l i g h t   t r a j e c t o r y  
r e c o n s t r u c t i o n  a n d  a n a l y s i s  o f  t h e  SV-5D m a n e u v e r a b l e  l i f t i n g  
reent ry   vehic le .   They   have   s ince   been   cons iderabry   improved   under  
NASA C o n t r a c t  NAS1-8500. 
STEP u s e s  t h e  r e c u r s i v e  Kalman minimum v a r i a n c e  f i l t e r i n g  
a l g o r i t h m s  t o  f i t  t h e  e q u a t i o n s  of motion t o  t r a j e c t o r y  m e a s u r e -  
ment   da ta .  The programs are fo rmula t ed   t o   p rocess   pos i t i on  
radar  t racking  and  a i rborne  gyro  and  acce lerometer  measurements .  
The e q u a t i o n s  o f  m o t i o n  a c c o u n t  f o r  t h r e e  d i m e n s i o n a l  t r a j e c t o r i e s  
i n  t h e  v i c i n i t y  o f  a n  o b l a t e  r o t a t i n g  p l a n e t .  V e h i c l e  m a n e u v e r s  
i n  p i t c h ,  r o l l ,  a n d  yaw w i t h i n  t h e  a t m o s p h e r e  a r e  a c c e p t a b l e .  
STEP1 i s  r e s t r i c t e d  t o  n o n t h r u s t i n g  v e h i c l e s ;  STEP2 i s  a p p l i c a b l e  
t o  a n y  v e h i c l e  r e c o r d i n g  a c c e l e r a t i o n s ,  i n e r t i a l  a n g u l a r  r a t e s ,  
and  having a t  l e a s t  p a r t i a l  radar coverage .  
I n  a d d i t i o n  t o  p o s t f l i g h t  r e c o n s t r u c t i o n ,  t h e  p r o g r a m s  can 
be u s e d  t o  s o l v e  p r e f l i g h t  t r a j e c t o r y  s i m u l a t i o n  a n d  e r r o r  
ana lys i s   p rob lems .  
S 
I. INTRODUCTION 
The p o s t f l i g h t  d a t a  a n a l y s i s  t a s k  i s  a v i t a l  p a r t  of a l l  
c i e n t i f i c   s p a c e   m i s s i o n s .  The s u c c e s s   o f   a n y   p l a n e t a r y   s p a  .c e 
mis s ion  depends  on  the  amoun t  o f  i n fo rma t ion  r e t r i eved  f rom the  
measu remen t s   t aken .   Ce r t a in ly   t he   enormous   cos t s   r equ i r ed   t o  
d e s i g n ,   c o n s t r u c t ,   i n s t r u m e n t ,   f l y ,   a n d   s u p p o r t   o f   f l i g h t s   o f  
space v e h i c l e s  j u s t i f i e s  a s i g n i f i c a n t  e x p e n d i t u r e  o f  e f f o r t  
i n  a n a l y z i n g  t h e  m e a s u r e m e n t s  t a k e n .  
The problem to which we a d d r e s s  o u r s e l v e s  h e r e  i s  t h e  a c c u r a t e  
d e t e r m i n a t i o n  of t he  t r a j ec to ry ,  subsys t em pe r fo rmance ,  and  a tmos -  
p h e r i c  c h a r a c t e r i s t i c s  o f  a f l i g h t  v e h i c l e  f r o m  d a t a  s e n s e d  d u r i n g  
t h e  f l i g h t .  The informat ion   assumed  to   be  a t  o u r   d i s p o s a l   f o r  
p e r f o r m i n g  s u c h  a n a l y s i s  i n c l u d e s  g r o u n d -  o r  s h i p - b a s e d  p o s i t i o n  
r a d a r  o r  o p t i c a l  t r a c . k i n g ,  a i r b o r n e  a c c e l e r o m e t e r ,  a n d  g y r o  d a t a .  
The p rocess  o f -us ing  these  measu red  da ta  to  pe r fo rm the  r e -  
c o n s t r u c t i o n  i s  c a l l e d   t r a j e c t o r y   e s t i m a t i o n .  Webster d e f i n e s  
e s t i m a t i o n  as a n   a p p r o x i m a t e   c a l c u l a t i o n .   I n   f a c t ,   t h e   t r a j e c -  
t o r y  e s t i m a t i o n  p r o c e s s  i s  n o t h i n g  m o r e  t h a n  u s i n g  t h e  o n l y  i n -  
fo rma t ion   ava i l ab le   ( a i rbo rne   and   g round-based   s enso r   da t a )   t o  
a p p r o x i m a t e l y  c a l c u l a t e  t h e  p o s i t i o n  a n d  v e l o c i t y  o f  t h e  v e h i c l e .  
How w e l l  t h i s  a p p r o x i m a t i o n  a g r e e s  w i t h  t h e  v e h i c l e ' s  a c t u a l  
p o s i t i o n  a n d  v e l o c i t y  may neve r  be  exac t ly  known, b u t  c a n  b e  e s -  
t imated .   Thus ,   the   second  approximate   ca lcu la t ion   concerns   the  
a c c u r a c y  o f  t h e  t r a j e c t o r y  estimate. 
I n  t h e  pas t ,  two bas i c   concep t s   have   been   u sed   t o   r econs t ruc t  
t r a j e c t o r i e s   i n   t h e   E a r t h ' s   a t m o s p h e r e .  The f i r s t   c o n s i s t s   o f  
u s i n g  r a d a r  o r  o p t i c a l  t r a c k i n g  d a t a  t o  d e t e r m i n e  v e h i c l e  p o s i -  
t i o n   ( r e f s .  1 and 2 ) .  The v e l o c i t y  i s  determined  from  Doppler 
measurements  and/or by n u m e r i c a l l y  d i f f e r e n t i a t i n g  t h e  p o s i t i o n  
d a t a .  The s e c o n d   t e c h n i q u e   c o n s i s t s   o f   i n t e g r a t i n g   t h e   a i r b o r n e  
a c c e l e r o m e t e r   a n d   g y r o   d a t a .   D o u b l e   i n t e g r a t i o n   o f   t h e   a c c e l e r a -  
t i o n s   y i e l d s   t h e   p o s i t i o n / t i m e   h i s t o r y .  The a c c e l e r o m e t e r s   a r e  
o r i e n t e d  d u r i n g  t h e  i n t e g r a t i o n s  v i a  t h e  i n t e g r a t e d  g y r o  d a t a .  
The f i r s t  m e t h o d ,  u s i n g  r a d a r  d a t a ,  r e q u i r e s  c o n t i n u o u s  r a d a r  
c o v e r a g e ,  y i e l d s  no v e h i c l e  a t t i t u d e  i n f o r m a t i o n ,  a n d ,  i f  n u m e r i c a l  
d i f f e r e n t i a t i o n  o f  p o s i t i o n  d a t a  i s  used ,  can  p roduce  inaccura t e  
v e l o c i t y   i n f o r m a t i o n .  The second  method,   us ing   acce lerometer   and  
g y r o  d a t a ,  r e q u i r e s  a c c u r a t e  i n f o r m a t i o n  c o n c e r n i n g  i n i t i a l  p o s i -  
t i o n ,   v e l o c i t y ,   a n d   a t t i t u d e   t o  commence t h e   i n t e g r a t i o n .   F u r t h e r -  
m o r e ,  e r r o r s  p r o p a g a t e  r a p i d l y  as a r e s u l t  o f  i n i t i a l  c o n d i t i o n  
e r r o r s  o r  s y s t e m a t i c  e r r o r s  i n  t h e  d a t a .  
The re   a r e  many v a r i a t i o n s   o f   t h e s e  two basic methods.  Having 
de te rmined   t he   t r a j ec to ry ,   and   a s suming   t he   ae rodynamic   coe f f i -  
c i e n t s  known from p r e f l i g h t  a n a l y s e s ,  t h e  m e a s u r e d  a c c e l e r a t i o n s  
y i e ld   t he   a tmosphe r i c   dens i ty   f rom  the   eq l l a t ion  p = - (2m aXB)/ 
(Vz S CA). Assuming a g r a v i t a t i o n a l  a c c e l e r a t i o n  known, t h e  
h y d r o s t a t i c   e q u a t i o n ,   d p  = - pg d h o ,   c a n   b e   i n t e g r a t e d   t o   y i e l d  
t h e   p r e s s u r e l t i m e   h i s t o r y .  The assumption i s  u s u a l l y  made t h a t  
the  a tmosphere i s  a d i a b a t i c  ( t e m p e r a t u r e  a l i n e a r  f u n c t i o n  o f  
2 
a l t i t u d e )   o r   i s o t h e r m a l   ( t e m p e r a t u r e   c o n s t a n t ) ,   t h u s   p e r m i t t i n g  
e x p l i c i t   i n t e g r a t i o n   o f   t h e   h y d r o s t a t i c   e q u a t i o n .  Knowing t h e  
p r e s s u r e ,   t h e   e q u a t i o n   o f   s t a t e  p =(Mo p)/(RK T) can  be  used 
t o   d e t e r m i n e   t h e   t e m p e r a t u r e   ( r e f .  3 ) .  Such  techniques are  c a l l e d  
d e t e r m i n i s t i c  b e c a u s e  t h e  number of  v a r i a b l e s  t o  b e  d e t e r m i n e d  
e q u a l s  t h e  number o f  d i s c r e t e  m e a s u r e m e n t s  u s e d .  
The r e c o n s t r u c t i o n  t e c h n i q u e  d e s c r i b e d  h e r e i n  i s  s p e c i f i c a l l y  
o r i e n t e d  t o w a r d  u s i n g  s t a t i s t i c a l  e s t i m a t i o n  t h e o r y  t o  r e c o n s t r u c t  
t r a j e c t o r y ,   a t m o s p h e r i c ,   a n d   a e r o d y n a m i c   c h a r a c t e r i s t i c s .  The u s e  
o f  e s t i m a t i o n  t h e o r y  t o  d e t e r m i n e  t r a j e c t o r y  c h a r a c t e r i s t i c s  i s  
n o t  new.  Over t h e  p a s t  10 yea r s ,   numerous   i nves t iga to r s   have   u sed  
e s t i m a t i o n  t h e o r y  t o  d e t e r m i n e  o r b i t s  o f  s a t e l l i t e s  ( r e f .  4 t h r u  7 ) .  
However, t h e  a p p l i c a t i o n  o f  e s t i m a t i o n  t h e o r y  t o  i n - a t m o s p h e r e  
f l i g h t  i s  r e l a t i v e l y  new a n d  n o t  w i t h o u t  many u n r e s o l v e d  d i f f i c u l -  
t i e s .   I n   o r b i t a l   a n d   i n t e r p l a n e t a r y   s p a c e ,   t h e   p r i n c i p a l   f o r c e s  
a c t i n g  o n  s p a c e c r a f t  a r e  g r a v i t a t i o n a l  a n d  a r e  a c c u r a t e l y  repre-  
sen ted   ma themat i ca l ly ;   however ,   t he   p r inc ipa l   fo rces   ac t ing   on   i n -  
a tmosphe re  veh ic l e s  a re  ae rodynamic  and  a re  r a the r  imprec i se ly  
cha rac t e r i zed   ma themat i ca l ly .   Fu r the rmore ,   i n   t he   a tmosphe re   t he  
t r a j e c t o r y  i s  p redominan t ly  in f luenced  by t h e  v e h i c l e ' s  a t t i t u d e ,  
w h i c h ,  i n  t u r n ,  i s  governed by complex   gu idance   and   au topi lo t  
s y s t e m s   t h r o u g h   f i n s ,   f l a p s ,   o r   o t h e r   e x t e r n a l   d e v i c e s .   T h u s ,  
t h e  p r i n c i p a l  d i f f i c u l t y  i n  a p p l y i n g  e s t i m a t i o n  t h e o r y  t o  i n -  
atmosphere  problems l i e s  in  fo rmula t ing  the  dynamic  mode l .  
The s t a t i s t i c a l  t r a j e c t o r y  e s t i m a t i o n  p r o b l e m  c a n  b e  d e s c r i b e d  
as fo l lows .   Given  a dynamic   model   cons is t ing   o f   the   equat ions  o f  
m o t i o n  t h a t  d e s c r i b e  t h e  f l i g h t  o f  a veh ic l e  t h rough  the  a tmos -  
phere .   These   equat ions   o f   mot ion   charac te r iz ing   th i s   model   can   be  
w r i t t e n  as o r d i n a r y  f i r s t - o r d e r  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  
The re   a r e  a t o t a l  o f  12  e q u a t i o n s  - -  t h r e e  t r a n s l a t i o n a l  d y n a m i c  
e q u a t i o n s  t h a t  b a l a n c e  e x t e r n a l  f o r c e s  a n d  y i e l d  t h e  v e l o c i t y  
v e c t o r ,  t h r e e  t r a n s l a t i o n a l  k i n e m a t i c  e q u a t i o n s  t h a t  y i e l d  p o s i -  
t i o n ,  t h r e e  r o t a t i o n a l  d y n a m i c  e q u a t i o n s  t h a t  b a l a n c e  e x t e r n a l  
t o r q u e s  a n d  y i e l d  t h e  i n e r t i a l  a n g u l a r  r a t e  v e c t o r ,  a n d  t h r e e  
r o t a t i o n a l  k i n e m a t i c  e q u a t i o n s  t h a t  y i e l d  a n g u l a r  o r i e n t a t i o n  o r  
a t t i t u d e .   I f  12  i n i t i a l   c o n d i t i o n s  are  s p e c i f i e d   f o r   t h e   d e p e n d e n t  
v a r i a b l e s ,  t h e  e q u a t i o n s  c a n  b e  i n t e g r a t e d  i n  time t o  y i e l d  a 
t r a j e c t o r y .  A t  a n y   i n s t a n t   o f  time, t h e   r a n g e  ( R ) ,  azimuth 
(A) ,   and   e leva t ion  ( E )  f r o m   t h e   v e h i c l e   t o  a t r a c k i n g   r a d a r  
can   be   de t e rmined   f rom  th ree   a lgeb ra i c   equa t ions   t ha t   y i e ld  R,  
A,  and E a s   f u n c t i o n s  o f  t h e   i n s t a n t a n e o u s   p o s i t i o n   o f   t h e  
v e h i c l e ,  w h i c h ,  i n  t u r n ,  i s  a f u n c t i o n  o f  t h e  i n i t i a l  c o n d i t i o n s  
f rom  which   the   equat ions  of mot ion   were   i n t eg ra t ed .   O the r   s enso r  
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d a t a  c a n  s i m i l a r l y  b e  c a l c u l a t e d ,  b u t  f o r  s i m p l i c i t y ,  we w i l l  
l i m i t  t h i s   d i s c u s s i o n   t o  R, A, and E. 
The t r a j e c t o r y  e s t i m a t i o n  p r o b l e m  i s  t h e  i n v e r s e  o f  t h a t  j u s t  
d e s c r i b e d .   G i v e n   t h e   t r a c k e r  R ,  A ,  E time h i s t o r y ,  we c a n  
d e t e r m i n e  t h e  i n i t i a l  c o n d i t i o n s  t h a t  y i e l d  a t r a j e c t o r y  s a t i s f y -  
i n g   t h e   g i v e n  R,  A,  E t i m e   h i s t o r y .   G i v e n   e x a c t l y  12  R,  A,  
E v e r s u s  time p o i n t s ,  we c o u l d   d e t e r m i n i s t i c a l l y   s o l v e   f o r   t h e  
1 2  i n i t i a l  c o n d i t i o n s  t o  y i e l d  a t r a j e c t o r y  t h a t  e x a c t l y  s a t i s f i e s  
t h e  12  R,  A,  E po in ts .   Given   more   than  1 2  R ,  A ,  E p o i n t s ,  
however, we have  an  overdetermined  problem  (more  requirements 
t h a n  v a r i a b l e s  t o  s o l v e  f o r )  a n d  m u s t  r e s o r t  t o  r e g r e s s i o n  a n a l y -  
s i s .  One o f   t he   s imp les t   me thods   wou ld   be   t o   de t e rmine   t he  1 2  
i n i t i a l  c o n d i t i o n s  t h a t  c a u s e  t h e  sum o f   t he   squa res   o f   t he  
r e s idua l s   be tween   t he   measu red  R ,  A,  E p o i n t s   a n d   t h e   c a l c u -  
l a t e d  R,  A ,  E p o i n t s   t o  be minimum. This  would b e  a l e a s t -  
s q u a r e s   s o l u t i o n .   B e c a u s e  some m e a s u r e m e n t s   a r e   b e t t e r   t h a n  
o t h e r s ,  o n e  m i g h t  w e i g h t  t h e  r e s i d u a l s  b y  t h e  i n v e r s e  o f  t h e i r  
s t a n d a r d  d e v i a t i o n s  a n d  o b t a i n  a w e i g h t e d  l e a s t - s q u a r e s  s o l u t i o n .  
Weight ing  the  da ta  by t h e  i n v e r s e  o f  i t s  c o v a r i a n c e  m a t r i x  y i e l d s  
a minimum v a r i a n c e   s o l u t i o n .   F o r   u n c o r r e l a t e d   d a t a ,   t h e  minimum 
v a r i a n c e   a n d   w e i g h t e d   l e a s t - s q u a r e s   s o l u t i o n s   a r e   t h e   s a m e .  STEP 
u s e s  l i n e a r  f i l t e r  t h e o r y  t o  r e c u r s i v e l y  o b t a i n  t h e  m i n i m u m - v a r i -  
ance ( o r  w e i g h t e d  l e a s t  s q u a r e s )  s o l u t i o n  f o r  u n c o r r e l a t e d  d a t a .  
The g e n e r a l  t h e o r y  u n d e r l y i n g  t h e  f i l t e r  a p p l i c a t i o n  i s  p r e s e n t e d  
i n  S e c t i o n  111. 
The d i f f i c u l t y  i n  a p p l y i n g  t h e  t e c h n i q u e  j u s t  d e s c r i b e d  l i e s  
i n  fo rmula t ion   o f   t he   equa t ions   o f   mo t ion .   Fo r   example ,   i n   t he  
t h r e e  r o t a t i o n a l  d y n a m i c  e q u a t i o n s  t h a t  b a l a n c e  e x t e r n a l  t o r q u e s ,  
a l l   g u i d a n c e  and a u t o p i l o t   f u n c t i o n s   t h a t   s t e e r   e n g i n e s ,   f l a p s ,  
f i n s ,  g a s  j e t s ,  e t c . ,   mus t   be   p rope r ly   desc r ibed   ma themat i ca l ly .  
Furthermore,   a11  aerodynamic  and  thrust  moments mus t  be  accu ra t e ly  
d e s c r i b e d .   A c c u r a t e   r e p r e s e n t a t i o n  o f  a l l  t o r q u e s  i s  d i f f i c u l t  
because  of  a l l  t h e   u n c e r t a i n t i e s   i n v o l v e d .   T h e r e f o r e ,   t h e  STEP 
models   omi t   the   th ree   ro ta t iona l   dynamic   equat ions   and   use   ins tead  
t h e  i n e r t i a l  a n g u l a r  r a t e s  m e a s u r e d  b y  a i r b o r n e  g y r o s  a b o a r d  t h e  
v e h i c l e .   S y s t e m a t i c   e r r o r   i n   t h e s e  rates i s  a c c o u n t e d   f o r   i n   t h e  
mode l ing   ( e .g . ,   gy ro   mi sa l ignmen t ,   s ca l e   f ac to r ,   r andom b i a s ,  g -  
b i a s ,   a n d   a n i s o e l a s t i c   d r i f t ) .   T h u s ,  we have a STEPl f o r m u l a t i o n  
t h a t  c o n t a i n s  t h e  n i n e  e q u a t i o n s  o f  m o t i o n  b u t  r e q u i r e s  i n e r t i a l  
a n g u l a r   r a t e   h i s t o r i e s .   S o l u t i o n s   o f  i t s  dynamic  model s a t i s f y  
t h e   i n e r t i a l   a n g u l a r   r a t e   d a t a   e x a c t l y .  STEPl f i t s  t h e  dynamic 
model t o  p o s i t i o n  r a d a r  t r a c k i n g  d a t a  as w e l l  a s  a i r b o r n e  ac- 
c e l e r o m e t e r  d a t a .  
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The m a j o r  d i f f i c u l t y  i n  STEPl i s  t h a t  o f  a c c u r a t e l y  r e p r e -  
s e n t i n g  t h e  e x t e r n a l  a e r o d y n a m i c  a c c e l e r a t i o n s  a c t i n g  o n  t h e  v e -  
h i c l e  a n d  r e q u i r e d  i n  t h e  t h r e e  t r a n s l a t i o n a l  d y n a m i c  e q u a t i o n s .  
The a e r o d y n a m i c  a c c e l e r a t i o n  r e p r e s e n t a t i o n  r e q u i r e s  a c c u r a t e  
mode l ing  o f  ae rodynamic  coe f f i c i en t s ,  a tmosphe r i c  dens i ty ,  and  
STEP2 m o d e l  o m i t s  t h e  e x t e r n a l  a c c e l e r a t i o n  r e p r e s e n t a t i o n  b y  
u s i n g  t h e  a i r b o r n e  a c c e l e r o m e t e r  m e a s u r e m e n t s  d i r e c t l y  i n  t h e  
t r ans l a t iona l   dynamic   equa t ions   o f   mo t ion .   Sys t ema t i c   e r ro r   i n  
t h e   a c c e l e r o m e t e r   d a t a  i s  accoun ted   €o r   i n   t he   mode l ing .  STEP2 
f i t s  i t s  dynamic  model t o  t h e  p o s i t i o n  r a d a r  t r a c k i n g  d a t a  o n l y .  
. v e h i c l e  mass, which are  u s u a l l y   n o t  known p r e c i s e l y .   T h u s ,   t h e  
We s e e  t h a t  b o t h  STEPl and STEP2 d e t e r m i n e  t h e  n i n e  i n i t i a l  
c o n d i t i o n s   ( t h r e e   v e l o c i t y ,   t h r e e   p o s i t i o n ,   t h r e e   a t t i t u d e )   f r o m  
which the equat ions of  motion must  be  i n t e g r a t e d  t o  s a t i s f y  t h e  
t racking  measurements   (and  accelerometer   measurements   for  STEP1) 
i n  a minimum-variance  sense.  The non l inea r   equa t ions   o f   mo t ion  
i n  t h e  o r i g i n a l  STEP mode l s  a s  we l l  as the  minimum-variance f i l -  
t e r   t h e o r y   a r e   p r e s e n t e d   i n   r e f e r e n c e  8 .  The d e t a i l e d   e q u a t i o n s  
o f  m o t i o n  i n  t h e  c u r r e n t  p r o g r a m s  a r e  d e s c r i b e d  i n  S e c t i o n  I V .  
The equat ions   tha t   charac te r ize   the   measurements   to   which   the  
e q u a t i o n s  o f  m o t i o n  a r e  f i t  a r e  p r e s e n t e d  i n  S e c t i o n  V I I .  The 
p r imary   d i f f e rence   be tween   t he   o r ig ina l  STEP f o r m u l a t i o n   ( r e f .  a ) ,  
a n d  t h a t  d e s c r i b e d  h e r e i n  i s  i n  t h e  form of  the  equat ions  o f  
m o t i o n .   I n   t h e   o r i g i n a l   f o r m u l a t i o n   t h e   s t a t e   v a r i a b l e s   i n   t h e  
d y n a m i c  e q u a t i o n s  o f  t r a n s l a t i o n  w e r e  t h e  r e l a t i v e  v e l o c i t y ,  p a t h  
ang le ,   and   head ing   ang le .  The s t a t e   v a r i a b l e s   i n   t h e   k i n e m a t i c  
e q u a t i o n s  o f  r o t a t i o n s  w e r e  t h e  r o l l  a n g l e  a b o u t  t h e  v e l o c i t y  
v e c t o r ,   a n g l e   o f   a t t a c k ,   a n d   s i d e s l i p   a n g l e .  The formula t ion  had 
t h e  a d v a n t a g e  o f  y i e l d i n g  s t a t e  v a r i a b l e s  o f  p r a c t i c a l  i n t e r e s t  
t o  t h e  u s e r  b u t  had the  d i sadvan tage  o f  be ing  cumbersome  and 
p o s s e s s i n g   s i n g u l a r i t i e s .   I n   t h e   f o r m u l a t i o n   r e p o r t e d   h e r e i n ,  
t h e  v e l o c i t y  i s  i n t e g r a t e d  i n  i n e r t i a l  C a r t e s i a n  c o m p o n e n t s  a n d  
t h e  a t t i t u d e  i s  c h a r a c t e r i z e d  by a four   parameter   system  of   Euler  
parameters .  The dynamic   model   has   thus   been   s ign i f icant ly  s i m -  
p l i f i e d ,  b u t  now t h e  s t a t e  v a r i a b l e s  h a v e  l i t t l e  p r a c t i c a l  u t i l i t y  
t o   t h e   u s e r .   T h e r e f o r e ,   o p t i o h a l   f o r m s   o f   i n p u t   a n d   o u t p u t   h a v e  
been  provided  to  permi t  the  user  to  work  wi th  more f a m i l i a r  v a r i -  
a b l e s .   T h e s e   i n p u t / o u t p u t   t r a n s f o r m a t i o n s   a r e   p r e s e n t e d   i n  Sec- 
t i o n  V I .  
Other parameters in  the  equa t ions  o f  mot ion  can  be  e s t ima ted  
j u s t  as t h e   i n i t i a l   c o n d i t i o n s  are .  F o r   i n s t a n c e ,   b i a s e s   c a n   b e  
i n c l u d e d   i n   t h e   m o d e l i n g   o f   t h e   a e r o d y n a m i c   c o e f f i c i e n t s .   I f   t h e  
time v a r i a t i o n s  o f  s u c h  b i a s e s  c a n  b e  d e s c r i b e d  by d i f f e r e n t i a l  
5 
e q u a t i o n s ,  t h e  d i f f e r e n t i a l  e q u a t i o n s  c a n  b e  a d d e d  t o  t h e  e q u a -  
t i ons  o f  mot ion  and  the  b i a s  e s t i m a t e d  a l o n g  w i t h  t h e  o t h e r  i n i -  
t i a l  cond i t ions .   O the rwise ,   t he   b i a ses   mus t   be   a s sumed   cons t an t  
o v e r  t h e  t r a j e c t o r y ,  t h e  c o n s t a n t  v a l u e  b e i n g  e s t i m a t e d  a l o n g  
w i t h   t h e   i n i t i a l   c o n d i t i o n s .  The improved STEP models   inc lude  
150 s u c h  s y s t e m a t i c  e r r o r  s o u r c e s  m o d e l e d  o n  t h e  a c c e l e r a t i o n s ,  
i n e r t i a l  a n g u l a r  r a t e s ,  a e r o d y n a m i c  c o e f f i c i e n t s ,  d e n s i t y ,  c e n -  
t e r  o f  g rav i ty ,   a tmosphe r i c   w inds ,  mass, a n d  t r a c k i n g  r a d a r  
measurements. 
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11. SYMBOLS AND ABBREVIATIONS 
A,  A,, az imuth  of r a d a r   t a c k e r .  A C i s  c a l c u l a t e d  with- 
o u t   s y s t e m a t i c   e r r o r ,   e q u a t i o n   ( 2 3 8 b ) ,  % i s  
modeled or  measu red  wi th  sys t ema t i c  e r ro r ,  equa -  
t ion (239) 
a a c c e l e r a t i o n  r e l a t i v e  t o  p l a n e t  s u r f a c e ,  e q u a t i o n  
(57) 
a a c c e l e r a t i o n s   a c t i n g   t h r o u g h   c e n t e r   o f   g r a v i t y   i n  
ZB body a x e s   d i r e c t i o n s  
a a a a c c e l e r a t i o n  modeled o r   m e a s u r e d   a t   i n e r t i a l  
XG’ YG’  ZG m e a s u r i n g   u n i t   i n  body   axes   d i r ec t ions   w i th   sys -  
t emat i c  e r r o r   i n c l u d e d  
a a a a c c e l e r a t i o n   a ti e r t i a l   m e a s u r i n g   u n i t   i n body 
”’ zp  a x e s   d i r e c t i o n s   w i t h o u t   s y s t e m a t i c   e r r o r  
- 
a P a n i s o e l a s t i c  e r r o r  model   parameter ,   equat ion  (155)  
B o r t h o g o n a l  t r a n s f o r m a t i o n  m a t r i x  u s e d  i n  q u a t e r n i o n  
development , equat ion  (72)  
b i ’   b i j   pa rame te r s   u ed   i n   i pu t   t r ans fo rma t ion   de f ined  i n  
equat ion   (228)  
C m a t r i x   i n v e r s e  d e f i n e d  i n   e q u a t i o n   ( 2 6 6 )  
C modeled e r r o r   c o e f f i c i e n t   d f i n e d   i   e q u a t i o n s  
i (147) t o  (159) , and e q u a t i o n s  (239)  
Cov( ) c o v a r i a n c e   o p e r a t o r  
C p a r a m e t e r s   i n a i r b o r n e  a d a r   e q u a t i o n s ,   d e f i n e d   ii equat ions  (276)  
C speed of sound,   eq at ion  (125)  
s 
c U Z  
Corre la t ion   be tween  the   model  parameter e r r o r s  u 
and  expanded s t a t e  v a r i a b l e   e r r o r s  z ; ,  se~1 equa- 
t i o n  (50) 
C Cor re l a t ion   be tween  tile measurcmer~r. pa.rra:!leter e r -  vz r o r s  v and  edpanded s t a t e  v a r i a b l e   r r o r s   z ,  
see e q u a t i o n  (50) 
D de te rminen t   de f i ed   i n   equa t ion   (265)  
D c o v a r i a n c e  of model   parameters  U, e q u a t i o n  (41) 
Di p a r a m e t e r s  i n  o u t p u t  t r a n s f o r m a t i o n  d e f i n e d  i n  equat ion  (232)  
di 
p a r a m e t e r s  i n  i n p u t  t r a n s f o r m a t i o n  d e f i n e d  i n  
equat ion   (227)  
E, Ec’  EM e l e v a t i o n   a n g l e   o f   r a d a r   t r a c k e r .  E C i s  c a l c u l a t e d  
w i t h o u t   s y s t e m a t i c   e r r o r ,   e q u a t i o n   ( 2 3 8 ~ )  , EM is 
modeled   or   measured   wi th   sys temat ic   e r ror ,   equa-  
t i o n  (239) 
E (  1 e x p e c t a t i o n   o p e r a t o r  
e u n i t   v e c t o r   d e s i g n a t i o n
eOye~,e2,e3 Eule r   pa rame te r s ,   equa t ions  ( 7 9 )  and (101) 
e i j  
p a r a m e t e r s   i n   i n p u t   t r a n s f o r m a t i o n s ,   d e f i n e d   i n  
equat ions   (218)  
F e x t e r n a l   f o r c   v e c t o r  
FXG’  FYG’ FZG components of e x t e r n a l  f o r c e  v e c t o r  i n  G-frame 





c o e f f i c i e n t  m a t r i x  o f  l i n e a r  d i f f e r e n t i a l  e q u a -  
t ions  o f  mot ion ,  equa t ion  ( 3 )  
n o n l i n e a r   e q u a t i o n s   o f   m o t i o n ,   e q u a t i o n s  (1) and 
(45) 
c o e f f i c i e n t s  o f  l i n e a r i z e d  m e a s u r e m e n t  e q u a t i o n s ,  
e q u a t i o n  ( 4 )  
p r o p o r t i o n a l i t y   f a c t o r   u s e d   i n   e q u a t i o n s   ( 1 2 3 ) ,  
depending on u n i t s   o f  H ,  i . e .  GdH = g h dho,  
where g (ho)  i s  t h e   a c c e l e r a t i o n   o f   g r a v i t y  
t ransformat ion  mat r ix  be tween G-f rame and B-frame, 
de f ined  i n  equa t ion  (79)  
( 0 )  















e l e m e n t s  o f  t r a n s f o r m a t i o n  m a t r i x  G 
g e o p o t e n t i a l  a t t i t u d e  and  base  po in t s  fo r  a tmos -  
p h e r e   c a l c u l a t i o n s ,   e q u a t i o n   ( 1 2 1 )  
p a r t i a l  d e r i v a t i v e  o f  measurement  equat ions with 
r e s p e c t   o  measurement  parameters V ,  e q u a t i o n  
(5 1b) 
a l t i t u d e  o f  v e h i c l e  a b o v e  s p h e r i c a l  p l a n e t  and 
o b l a t e  p l a n e t  
i n p u t  and o u t  t r a n s f o r m a t i o n  f u n c t i o n s  d e f i n e d  i n  
equat ions  (207a)   and  (209a)  
a l t i t u d e  o f  t r a c k i n g  s t a t i o n  a b o v e  o b l a t e  p l a n e t ,  
equat ion  (236)  
i d e n t i t y  m a t r i x  
p a r a m e t e r  i n  minimum v a r i a n c e  e q u a t i o n s ,  e q u a t i o n s  
( 5 3 0  
c o e f f i c i e n t  o f  s e c o n d  g r a v i t a t i o n a l  h a r m o n i c ,  e -  
q u a t i o n  (105) 
o p t i m a l   l i n e a r   g a i n ,   e q u a t i o n   ( 5 3 e )  
s l o p e  of m o l e c u l a r  s c a l e  t e m p e r a t u r e  v e r s u s  a l t i -  
t u d e   p r o f i l e ,   e q u a t i o n   ( 1 2 2 )  
v e h i c l e  r e f e r e n c e  l e n g t h  u s e d  i n  c a l c u l a t i n g  
Reynolds  number,   equation  (148) 
number of components i n  W v e c t o r ,   e q u a t i o n   ( 4 1 )  
d i r e c t i o n   c o s i n e s   d e f i n e d   i n   e q u a t i o n s   ( 2 6 9 )  and 
(270) 
molecular  weight  of t h e  a t m o s p h e r e  a t  s e a  l e v e l ,  
equat ion  (123)  
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t r a n s f o r m a t i o n  matrix in  qua te rn ion  deve lopmen t  
d e f i n e d  ir! equat ion   (74)  
v e h i c l e  mass 
modeled  mass   t ime  his tory,   equat ion  (149)  
m a t r i c e s  f o r  p e r f o r m i n g  i n p u t  a n d  o u t p u t  t r a n s f o r -  
mat ion  of c o v a r i a n c e  and c o r r e l a t i o n  m a t r i c e s ,  
equations  (208)  and  (210) 
i n e r t i a l  a n g u l a r  r a t e  a b o u t  r o l l  a x i s  w i t h o u t  and 
w i t h   s y s t e m a t i c   e r r o r ,   e q u a t i o n   ( 1 5 4 )  
c o v a r i a n c e  m a t r i x  of s t a t e  o r  expanded s t a t e  e r -  
r o r s ,   e q u a t i o n s   ( 2 1 ) ,  (53b) and (54b) 
a tmospher i c  p re s su re  and  base  p re s su res  in  a tmos -  
p h e r e   c a l c u l a t i o n s ,   e q u a t i o n   ( 1 2 3 )  
Prec is ion  Recovery  Inc luding  Maneuver ing  Ent ry  
i n e r t i a l  a n g u l a r  r a t e  a b o u t  p i t c h  a x i s  w i t h o u t  a n d  
w i t h   s y s t e m a t i c   e r r o r ,   e q u a t i o n   ( 1 5 4 )  
q u a t e r n i o n  d e f i n e d  i n  e q u a t i o n  ( 6 5 )  
dynamic   p ressure ,   equa t ion   (142)  
number of components i n  U vec to r ,   equa t ion   (41 )  
range  of r a d a r   t r a c k e r ,  Rc ,  i s  c a l c u l a t e d   w i t h o u t  
s y s t e m a t i c   e r r o r ,   e q u a t i o n   ( 2 3 8 a ) ,  % i s  modeled 
o r   measu red   w i th   sys t ema t i c   e r ro r ,   equa t ion   (239)  
i n e r t i a l  a n g u l a r  r a t e  a b o u t  t h e  yaw a x i s  w i t h o u t  
and w i t h   s y s t e m a t i c   e r r o r ,   e q u a t i o n   ( 1 5 4 )  
u n i v e r s a l   g a s   c o n s t a n t ,   e q u a t i o n   ( 1 2 3 )  
a v e r a g e ,  e q u i t o r i a l  and p o l a r  p l a n e t  r a d i u s  
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c o m p o n e n t s  o f  a i r b o r n e  r a d a r  r a n g e  v e c t o r  i n  B- 












r a d i a l  d i s t a n c e  from p l a n e t  c e n t e r  t o  v e h i c l e ,  
equa t ion  (63 ) ;  a l so  used  a s  p o s i t i o n  v e c t o r  from 
p l a n e t  c e n t e r  t o  v e h i c l e ,  e q u a t i o n  ( 5 6 )  
r a d i a l  d i s t a n c e  f r o m  p l a n e t  c e n t e r  t o  t r a c k i n g  
s t a t i o n ,   e q u a t i o n   ( 2 3 6 )  
number  of  components i n  V vec to r ,   equa t ion   (44 )  
cova r i ance   o f   ma t r ix  V, equat ion  (45)  
v e h i c l e  r e f e r e n c e  a r e a  f o r  a e r o d y n a m i c  c o e f f i c i e n t s ,  
equat ion  (110)  
v e c t o r  u s e d  i n  q u a t e r n i o n  d e v e l o p m e n t  ( s e e  f i g .  3 )  
S u t h e r l a n d   c o e f f i c i e n t   i n   e q u a t i o n   ( 1 2 6 )  
sum o f  s q u a r e s  o f  r e s i d u a l s  i n  e q u a t i o n  ( 1 3 )  
S t a t i s t i c a l  T r a j e c t o r y  E s t i m a t i o n  P r o g r a m s  
t empera tu re  
t r a n s f o r m a t i o n  m a t r i x  f o r  a e r o d y n a m i c  c o e f f i c i e n t s  
i n   e q u a t i o n   ( 1 9 6 )  
m o l e c u l a r  s c a l e  t e m p e r a t u r e  and b a s e  p o i n t s ,  e q u a -  
t ions (122)  
t ime  
u n c e r t a i n  m o d e l  p a r a m e t e r  v e c t o r  i n  t h e  e q u a t i o n s  
of  mot ion ,  i t s  mean v a l u e ,  and p e r t u r b a t i o n ,  e q u a -  
t i o n  (49) 
11 
u v  w y  w 
x Y Y p ’  z P P 
c o m p o n e n t s  o f  i n e r t i a l  v e l o c i t y  i n  G-frame a x e s ,  
e q u a t i o n s  (62) and (63) 
c o m p o n e n t s  o f  r e l a t i v e  v e l o c i t y  i n  t h e  G-frame 
axes  , e q u a t i o n  (114) 
c o m p o n e n t s  o f  r e l a t i v e  v e l o c i t y  i n  B-frame  axes, 
equat ion  (116)  
components  of  hor izonta l  wind  vec tor  f rom the  nor th  
and e a s t ,   r e s p e c t i v e l y ,   e q u a t i o n   ( 1 5 2 )  
uncer ta in  measurement  parameter  vec tor ,  i t s  mean 
v a l u e ,  and p e r t u r b a t i o n ,   e q u a t i o n   ( 4 9 )  
v e l o c i t y  r e l a t i v e  t o  p l a n e t  s u r f a c e ,  e q u a t i o n  ( 5 7 )  
v e l o c i t y   r e l a t i v e   t o   a t m o s p h e r e ,   e q u a t i o n   ( 1 4 1 )  
model  and  measurement  parameters t o  be   es t imated  
and t h e i r   p e r t u r b a t i o n s ,   e q u a t i o n   ( 4 1 )  
s t a t e  v e c t o r ,  i t s  p e r t u r b a t i o n  and b e s t  e s t i m a t e  
o f  p e r t u r b a t i o n ,  e q u a t i o n s  ( 1 )  , (6a)  , and  (14) 
c o r r e c t e d  d i s t a n c e  from t h e  c e n t e r  o f  g r a v i t y  t o  
t h e  i n e r t i a l  m e a s u r i n g  u n i t  ( a c c e l e r o m e t e r s )  rneas- 
u red   a long   t he   B- f r ame   axes ;   pos i t i ve   fo r   t he  IMSJ 
f o r w a r d ,  s t a r b o a r d ,  and  below t h e  c e n t e r  o f  g r a v i t y ,  
s ee   equa t ion  (153) 
C a r t e s i a n  c o m p o n e n t s  o f  t r a c k e r  r a n g e  v e c t o r ,  s e e  
f i g u r e  6 and e q u a t i o n  (235) 
measu remen t   vec to r   and   pe r tu rba t ions ,   equa t ion  (2)  
and ( 4 )  
measuremen t  r e s idua l  vec to r  de f ined  in  equa t ion  
(12)  with  components   def ined  in   equat ion ( 9 )  
expanded s t a t e  v e c t o r  i n c l u d e  b o t h  s t a t e  and  model 
p a r a m e t e r s   t o   b e   e s t i m a t e d ,  i t s  p e r t u r b a t i o n ,  and 















a n g l e  o f  a t t a c k  a n d  s i d e s l i p  a n g l e ,  d e g r e e s  
S u t h e r l a n d  c o e f f i c i e n t  i n  equat ion  (126)  
s p e c i f i c  h e a t  r a t i o ,  e q u a t i o n  (125) 
f l i g h t p a t h  a n g l e  o f  v e l o c i t y  v e c t o r  r e l a t i v e  t o  
a tmosphere , equat ion (219)  
p i t c h  a n g l e  o f  b o d y  f i x e d  r a d a r ,  s e e  e q u a t i o n  
(271b)  and f i g u r e   7 ,   d e g r e e s  
n o i s e  v e c t o r  on measurements,   equations  (IO) 
incremented   qua tern ion ,   equa t ions  (84 )  t h r u   ( 8 7 )  
dummy v a r i a b l e  u s e d  i n  S e c t i o n s  V and V I 1  f o r  s t a t e  
var iable  components  and model  parameters  
a n g u l a r  o r i e n t a t i o n  o f  S v e c t o r  r e l a t i v e  t o  G-frame 
i n  f i g u r e  3 
‘i 
t o t a l  r e s u l t a n t  a n g l e  o f  a t t a c k ,  s e e  f i g u r e  4 ,  
degrees  
d i f f e r e n c e  b e t w e e n  v e h i c l e  l o n g i t u d e  a n d  t r a c k i n g  
s t a t i o n   l o n g i t u d e ,   e q u a t i o n  (236) 
d i f f e r e n c e  b e t w e e n  v e h i c l e  l o n g i t u d e  a n d  t h e  l o n g i -  
t u d e  o f  t h e  a i r b o r n e  r a d a r  s l a n t  r a n g e  v e c t o r /  
p l a n e t   s u r f a c e   i n t e r s e c t i o n ,   e q u a t i o n   ( 2 7 4 )  
l o n g i t u d e  o f  v e h i c l e ,  f i g u r e  2 
l o n g i t u d e  o f  t r a c k i n g  s t a t i o n ,  f i g u r e  5 
p a r a m e t e r  t r a n s i t i o n  m a t r i x ,  e q u a t i o n  (52) 
Eu le r   ang le   i n   p i t ch ,   equa t ions   (212)   t h ru   (217) ,  
deg rees  
m a t r i x  a b b r e v i a t i o n  d e f i n e d  i n  e q u a t i o n  ( 1 3 )  
a z i m u t h  o f  v e l o c i t y  v e c t o r  r e l a t i v e  t o  a t m o s p h e r e ,  









a z i m u t h  o f  a i r b o r n e  r a d a r  v e c t o r ,  s e e  e q u a t i o n  
(271a)   and  f igure 7 
c o e f f i c i e n t  o f  t h e  f i r s t  h a r m o n i c  of g r a v i t y ,  e q u a -  
t i o n  (105) 
a t m o s p h e r i c   v i s c o s i t y ,   e q u a t i o n   ( 1 2 6 )  
r o t a t i o n   i n   q u a t e r n i o n   d e v e l o p m e n t ,   e q u a t i o n   ( 7 4 )  
and f i g u r e  3 
s t e e r i n g  a n g l e ,  s e e  f i g u r e  4 ,  degrees  
a t m o s p h e r i c  d e n s i t y  a f t e r  and b e f o r e  e r r o r  model 
c o r r e c t i o n s ,   e q u a t i o n  (151) 
ba tch  process ing  weight ing  mat r ix ,  equat ion  (16)  
r o l l  a n g l e  a b o u t  t h e  v e l o c i t y  v e c t o r ,  f i g u r e  4 ,  
degrees  
s t a n d a r d  d e v i a t i o n  and c o r r e l a t i o n  c o e f f i c i e n t ,  
equa t ion  (18) 
covar iance  or  weight ing  mat r ix  of  measurement  da ta  
p o i n t  , equat ion  (16)  
t i m e  d i f f e r e n c e  i n  mass e r r o r  m o d e l ,  e q u a t i o n  (150) 
d i f f e r e n c e   b e t w e e n   g e o d e t i c  and g e o c e n t r i c  l a t i t u d e  
a t   t h e   t r a c k i n g   s t a t i o n ,   e q u a t i o n   ( 2 3 6 )  
l a t i t u d e  
s t a t e   t r a n s i t i o n   m a t r i x ,   e q u a t i o n s   ( 7 )  
g e o d e t i c   l a t i t u d e  
E u l e r  a n g l e  i n  r o l l ,  e q u a t i o n  ( 2 1 2 )  t h r u  ( 2 1 7 )  , 
degrees  
Eu le r   ang le   az imuth ,   equa t ion   (212)   t h ru   (217) )  
deg rees  
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OP 
O i j  
S u b s c r i p t s  
a n g u l a r  r a t e  o f  B-frame  and  G-frame r e l a t i v e  t o  
i n e r t i a l  s p a c e ,  and  angu la r  r a t e  o f  B- f r ame  re l a -  
t i v e  t o  G-frame,  equation ( 9 6 )  
a n g u l a r   r o t a t i o n   r a t e  o f  p l ane t   abou t   eZI   ax i s  
r e l a t i v e .  t o  i n e r t i a l  s p a c e ,  e q u a t i o n  (96) 
a b b r e v i a t i o n  f o r  c o f a c t o r s  i n  e q u a t i o n  (264 )  
r e f e r s  t o  B-frame o r  b a s e  p o i n t s  i n  a t m o s p h e r e  d e -  
s c r i p t i o n  
c a l c u l a t e d ,   d o e s   n o t   i n c l u d e   s y s t e m a t i c   e r r o r  
r e f e r s  t o  G-frame 
r e f e r s  t o  p o i n t  o f  i n t e r s e c t i o n  o f  a i r b o r n e  r a d a r  
s l a n t  r a n g e  v e c t o r  and p l a n e t  s u r f a c e  
e i t h e r  m e a s u r e d  o r  m o d e l e d  t o  c h a r a c t e r i z e  a meas- 
u r  ement 
p e r t a i n s  t o  p l a n e t  o b l a t e n e s s  
r e f e r s  t o  i n e r t i a l  m e a s u r i n g  u n i t  
r e f e r s  t o  a i r b o r n e  r a d a r  
c o r r e s p o n d s  t o  r e f e r e n c e  t r a j e c t o r y  
r e f e r s  t o  t r a c k i n g  s t a t i o n  
co r re sponds  t o  x ,  y ,  o r  z a x i s   d i r e c t i o n s  
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111. MATHEMATICAL THEORY 
Given a d y n a m i c  m o d e l  c o n s i s t i n g  o f  o r d i n a r y  f i r s t - o r d e r  non- 
l inear d i f f e r e n t i a l  e q u a t i o n s  o f  m o t i o n  t h a t  d e s c r i b e  t h e  f l i g h t  
of a v e h i c l e  t h r o u g h  t h e  a t m o s p h e r e ,  
I f  i n i t i a l  c o n d i t i o n s  are s p e c i f i e d  f o r  t h e  d e p e n d e n t  ( s t a t e )  
v a r i a b l e s ,  X ,  t h e   e q u a t i o n s  can b e   i n t e g r a t e d  i n  tinie t o   y i e l d  
a t r a j e c t o r y .  A t  a n y   i n s t a n t   o f  time t h e   r a n g e ,  ( R ) ,  azimuth 
( A ) ,  a n d   e l e v a t i o n  (E)  from t h e   v e h i c l e   t o  a t r a c k i n g   r a d a r   c a n  
b e   d e t e r m i n e d   f r o m   t h r e e   a l g e b r a i c   e q u a t i o n s   t h a t   y i e l d  R,  A, 
and E as f u n c t i o n s   o f   t h e   i n s t a n t a n e o u s   p o s i t i o n   o f   t h e   v e h i c l e .  
The R ,  A ,  and E a t  any time are,  t h e r e f o r e ,   f u n c t i o n s   o f   t h e  
i n i t i a l  c o n d i t i o n s  f rom which  the  equat ions  of  mot ion  were i n t e -  
gra ted .   Other   sensor   measurements   (e .g . ,   acce le rometer ,   gyro ,  
p re s su re ,  t empera tu re ,  e t c . )  can  s imi l a r ly  be  ca l cu la t ed  f rom equa -  
t i o n s  of the  form of  equat ion  ( 2 ) .  
The t r a j e c t o r y  e s t i m a t i o n  p r o b l e m  is t h e  reverse o f  t h a t  j u s t  
d e s c r i b e d .   G i v e n   t h e   r a d a r   t r a c k i n g   d a t a  YM(ti) a t  t h e   d i s c r e t e  
times i = 1, 2 ,  ..., n, d e t e r m i n e   t h e   i n i t i a l   c o n d i t i o n s   t h a t  
y i e l d  a t r a j e c t o r y  s a t i s f y i n g  t h e  
scalar d a t a   p o i n t s  YM(ti), w e  can d e t e r m i n i s t i c a l l y   s o l v e   f o r  
the 1 2  i n i t i a l  c o n d i t i o n s  t h a t  y i e l d  a t r a j e c t o r y  e x a c t l y  s a t i s f y -  
i n g   t h e  1 2  YM(ti) d a t a   p o i n t s .  Given more  than 1 2  d a t a   p o i n t s ,  
however, w e  have  an  overdetermined  problem  (more  requirements  than 
p a r a m e t e r s  t o  s o l v e  f o r )  a n d  mus t  r e s o r t  t o  r e g r e s s i o n  a n a l y s i s .  
One of the  s imples t  methods  is t o  d e t e r m i n e  t h e  i n i t i a l  c o n d i t i o n s  
t h a t  c a u s e  t h e  sum o f  t h e  s q u a r e s  o f  t h e  r e s i d u a l s  b e t w e e n  t h e  
measured   a ta  Y t and t h a t   c a l c u l a t e d   v i a   e q u a t i o n  (2 ) ,  
Y ( t i ) ,  t o   b e  minimum. This  would  be a l e a s t - s q u a r e s   s o l u t i o n .  
G e n e r a l i z i n g  X t o   b e  an m-component s ta te  vec tor   and  y t o   b e  
a p-component measurement v e c t o r ,  w e  w i l l  p roceed  to  deve lop  such  
a leas t - s q u a r e s   s o l u t i o n .  
y M ( t i )  




To obtain such a least-square solution, one  must f irst linear- 
i z e  equations (1) and (2) to  obtain: 
x ( t >  = F ( t )  x ( t >  
where 
and 
F ( t )  = 
G ( t )  = 
a f 1 a f l  
2x2 
-- . . .  
af2 . . . 
3x2 
-
- a f m  . . . 
2% . . .  
8x2 
ag2 . . .  
ax2 




Note t h a t  e q u a t i o n s  (3)  and (4) g o v e r n   p e r t u r b a t i o n s   b e t w e e n   t h e  
s o l u t i o n  X ( t ) ,  Y(t)   and a r e f e r e n c e   s o l u t i o n   X m F ( t ) ,  Y R E F ( t ) ,  
which satisfies e q u a t i o n s  (1) and (2 ) .  A known s o l u t i o n   t o   e q u a -  
t i o n  (3)  is 4 t t c a l l e d   t h e  s ta te  t r a n s i t i o n  matrix. T h i s  
s o l u t i o n  p o s s e s s e s  t h e  f o l l o w i n g  p r o p e r t i e s  ( r e f .  9 ) :  
( i' j) 
x ( t )  = + t o )  X ( t 0 )  (7d) 
P r o p e r t i e s   ( 7 a )   a n d   ( 7 b )   s u g g e s t   h a t   $ ( t , t o )   c a n   b e   o b t a i n e d  
by i n t e g r a t i n g  t h e  p e r t u r b a t i o n  e q u a t i o n s ,  e q u a t i o n s  ( 3 ) ,  from 
i d e n t i t y   i n i t i a l   c o n d i t i o n s  a t  time t o -  
B. Batch  Processing  Algori thms 
which relates pe r tu rba t ions  f rom the  r e fe rence  measu remen t  a t  time 
t t o   p e r t u r b a t i o n s   f r o m   t h e   r e f e r e n c e  s t a t e  a t  time to. Assuming 
t h a t   X ( t )   a n d   Y ( t )  are t h e   d e s i r e d   " b e s t   e s t i m a t e d   v a l u e s , "  
then  
is  the  pe r tu rba t ion  be tween  the  ac tua l  measu remen t  and  r e fe rence  
measurement a t  time ti a n d   s h o u l d   i f f e r   f r o m   y ( t i )  by an 
amount 6 ( t i )  t h e   n o i s e   i n   t h e   m e a s u r e d   d a t a  
i = 1, 2 ,  ...) n 
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Consider ing  a l l  n measurement   equat ions we  can write 
YM X(to) + 
where 
A =  6 3  
The sum of  t h e  s q u a r e s  of t h e  r e s i d u a l s  b e t w e e n  t h e  m e a s u r e d  da t a  
y M ( t i )  and Y ( t i )  c a l c u l a t e d   f r o m   e q u a t i o n  (2)  i s  
s = ~ 5 ~ 6  = pM - A x ( t O ) l T  [y. - A X ( t O ) l  
Minimizing s w i t h   r e s p e c t   o  x. w e  o b t a i n   f o r   . x o  
which i s  t h e   l e a s t - s q u a r e s  estimate f o r  x Adding G o  t o  0' 
%EF ( 5 )  w e  o b t a i n  ?( to)  t h e   i n i t i a l   c o n d i t i o n s   f o r   t h e  non- 
l i n e a r  s t a t e  v a r i a b l e s   s o u g h t .   R e c o g n i z e   t h a t   f o r   t h e   s o l u t i o n  
t o  b e  v a l i d ,  e q u a t i o n s  (3)  and ( 4 )  m u s t  s a t i s f y  t h e  l i n e a r i t y  as- 
s u m p t i o n .   T h i s   r e q u i r e s   t h a t  x and y b e  small. 
Because some measurements are more  accu ra t e  than  o the r s ,  one  
m i g h t   w e i g h t   h e   r e s i d u a l s  6 by t h e   i n v e r s e  o f  t h e i r   s t a n d a r d  
d e v i a t i o n .  
Equat ion  (13)   therefore   becomes 
19 
c =  
where 
0 
with  02(ti) = 
0 
The weighted least-squares  estimate can  be  wr i t t en  as 
Weighting the 
one ob ta ins  a 
d a t a  by the i r  comple te  covar iance  matrix, - - 
o:<t1> 0 1 2 P l )  O l p P l )  
021(tl)  O2p 5 )  
02  = 
apl( t l )   0p2(t l )  O ; r t l )  
h - 
minimum va r i ance  estimate. 
0 
Equation (17) y i e l d s  Go as a l i n e a r   f u n c t i o n  .of yM,  which, 
i n  t u r n ,  i s  a func t ion  of t h e  assumed random n o i s e  i n  t h e  d a t a  6 
from equat ion  (11). Therefore ,  x. is a random vec to r .  Assuming 
t h a t  6 i s  a j o i n t l y  n o r m a l l y  d i s t r i b u t e d  w h i t e  random n o i s e  vec- 
t o r   w i t h   z e r o  mean, then  yM and l ikewise  Go are normally d i s -  
t r i b u t e d .  The mean and covariance  of 6 are 
E(6) = 0 
cov(6) = E 
The mean and covariance of yM are 
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The mean and covariance  of 2, are 
The mean o f   t h e   b e s t  estimate of Go is e q u a l   t o   x o ,   t h u s  Go 
is an unbiased. estimate. The statistics of a normal ly  d is t r ibu ted  
random v e c t o r  are completely determined from the mean and covari-  
ance.   Therefore,   equations (17) and  (21)  completely  describe  the 
random v e c t o r  x. i n  terms of i ts mean, x and covariance,  P. 0' 
C. Recursive  Processing  Algorithms 
The es t imator  equat ion ,  equat ion  (17), e x h i b i t s  t h e  computa- 
t i o n a l  d i f f i c u l t y  o f  r e q u i r i n g  l a r g e  matrices t o  b e  c a l c u l a t e d  and 
s t o r e d   i n   t h e  computer.  Furthermore,  having  determined Go f o r  
n d a t a   p o i n t s  YM(ti), i = 1, 2, . . . n ,   i f  an a d d i t i o n   p o i n t  
YM(tn+l) becomes a v a i l a b l e ,  t h e  e n t i r e  p r o c e s s  must be  r epea ted  
us ing  n + 1 poin t s .  It would be   conven ien t   i f ,  af ter  i n i t i a l l y  
determining  using n p o i n t s ,  we could  improve  this  estimate 
us ing   on ly   in format ion   conta ined   in   the   (n  + l)th da ta  po in t .  
Such a recurs ive  a lgor i thm w i l l  be developed next  ( refs .  8 and 
10 th ru  15). The b e s t  estimate f corresponding   to   p rocess ing  
n d a t a   p o i n t s ,  from  equation (17) is 
0 
0 '  
S i m i l a r l y ,   t h e   b e s t  estimate Go corresponding   to   p rocess ing  
n + 1 d a t a  p o i n t s  is 
m son+l = Pn+l A* X*'l y*  where Pn+l = (A*T A*)-' -1- M (23) 
From t h e i r   d e f i n i t i o n ,  A ,  C, and y are r e l a t e d   t o  A* ,  X*, 






Equation (23) c a n  t h e r e f o r e  b e  w r i t t e n  
which can be manipulated into the fol lowing.  
Pn+l = Pn - K G@ Pn 
where 
Equations (26) t h r u  (28) are the  recursive  equat ions  sought .   Given 
t h e   b e s t   e s t i m a t e  and covariance a t  t i m e  to  corresponding   to  n 
data po in t s ,   xD and P r e spec t ive ly ,   co r rec t ions   can   be  made 
by means of equat ion  (26)  thru  (28)  tha t  y ie ld  the  bes t  estimate 
and covariance  corresponding  to  n + 1 data poin ts .  The recur -  
sive co r rec t ion  can  be least  squares,  weighted leas t  squa res ,  o r  
minimum variance  depending on whether 02(tn+l) is a n   i d e n t i t y  
mat r ix ,  d iagonal  matrix of var iances  or  comple te  covar iance  of  the  
(n-tl) * da ta   vec to r .  Note that if i n s t e a d  of e s t ima t ing  a t  to, 
w e  had used an arbi t rary time, say w e  would have obtained 
. 
n n' 




The n o t a t i o n   x ( t j I t n + l )   d e n o t e s   t h e   b e s t  estimate a t  t j  based 
on process ing   da ta   th rough t Equations ( 3 0 )  t h r u  ( 3 3 )  can  be 





= G(tn+l)  (38) 
The mat r ix  Pn(tn+l) i s  the  covariance  matr ix   of  s t a t e  e r r o r s  a t  
time tn+l based  on  processing  data up through tn. From t h e  
T "I d e f i n i t i o n   o f  Pn i n   e q u a t i o n  ( 2 2 1 ,  w e  see t h a t  P = ( A  E-' A) . 
Using  the  def ini t ion  of  A i n   equa t ion   (12 ) ,   w i th  to - tn and 
tn+l  9 
da ta  po in t s :  
w e  ob ta in   the   fo l lowing   equat ion   for   p ropagat ing  P between 
T 
Pn(tn+l) = +(tn+l.,tn)  Pn(tn) 9 (tn+19tn) ( 3 9 )  
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From equa t ion  (7d ) ,  w e  see t h a t  t h e  s ta te  p e r t u r b a t i o n s  c a n  b e  
p ropaga ted  be tween  da ta  po in t s  as f o l l o w s :  
Equat ions  (35) t h r u  (38) are used a t  measurement   data  times ti, 
i = 1, 2 ,  ..., n t o   p r o d u c e  a d i s c o n t i n u o u s   c h a n g e   i n  x and  P, 
w h i c h   r e f l e c t   t h e   i n f o r m a t i o n   o b t a i n e d   f r o m   t h e   ( n + l )  th measure- 
ment YM(tn+l). Between  measurements ,   equat ions (39) and ( 4 0 )  are 
u s e d   t o  p r o p a g a t e  x and P. 
A 
A 
D. Uncertain  Model   Parameters  
Frequent ly  when f i t t i n g  s o l u t i o n s  o f  t h e  e q u a t i o n s  of motion 
t o  s e n s o r  d a t a ,  p a r a m e t e r s  o t h e r  t h a n  t h e  s t a t e  v a r i a b l e s  are 
e i t h e r  unknown o r  known w i t h  l i m i t e d  c e r t a i n t y .  E x a m p l e s  o f  s u c h  
p a r a m e t e r s  t h a t  are i n v o l v e d  i n  t h e  e q u a t i o n s  o f  m o t i o n ,  e q u a t i o n  
( l ) ,  are t h e  g r a v i t a t i o n a l  h a r m o n i c  c o e f f i c i e n t s ,  t h e  a e r o d y n a m i c  
l i f t  and  d rag  coe f f i c i en t s ,  and ,  conce ivab ly ,  t he  a tmosphe r i c  den -  
s i t y .  The modeled  measurement   equat ions,   equat ion ( 2 ) ,  s i m i l a r l y  
c a n  i n v o l v e  s u c h  p a r a m e t e r s ,  e . g . ,  t r a c k i n g  s t a t i o n  l o c a t i o n s .  
W i t h i n  t h e  c o n t e x t  o f  t h e  f i l t e r  t h e o r y  d i s c u s s e d  t h u s  f a r ,  s u c h  
v a r i a b l e s  m u s t  b e  g o v e r n e d  b y  d i f f e r e n t i a l  e q u a t i o n s  i f  t h e y  are 
t o  b e  e s t i m a t e d .  F o r  cases w h e r e   t h e   g o v e r n i n g   d i f f e r e n t i a l   e q u a -  
t i o n  i s  known, i t  i s  merely  appended to  the  dynamica l  sys t em equa -  
t i o n s ,  e q u a t i o n  ( l ) ,  a n d  t h e  p a r a m e t e r  b e c o m e s  a s t a t e  v a r i a b l e .  
More f r e q u e n t l y ,  h o w e v e r ,  t h e  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n  c a n -  
no t   be   de f ined ,   and   spec ia l   t r ea tmen t   mus t   be   r e so r t ed   t o .  One 
common way of hand l ing  such  pa rame te r s  is  t o  c o n s i d e r  them  con- 
s t a n t ,   t h u s   t h e i r   g o v e r n i n g   e q u a t i o n   c a n   b e   w r i t t e n  i. = 0. We 
then speak of  an expanded s t a t e  v e c t o r  t h a t  i n c l u d e s  t h e  o r i g i n a l  
s t a t e  v a r i a b l e s  p l u s  t h e  c o n s t a n t  m o d e l  p a r a m e t e r s  t o  b e  e s t i m a t e d .  
O c c a s i o n a l l y ,  a n  estimate of  the  model  parameters  i s  n o t  s o u g h t ,  
b u t  i t  is  d e s i r e d  t o  r e f l e c t  t h e  p a r a m e t e r s  u n c e r t a i n t y  i n  t h e  
c o v a r i a n c e  m a t r i x  o f  s ta te  e r r o r s .  
1 
We w i l l  n e x t  e x p a n d  t h e  f i l t e r i n g  e q u a t i o n s  t o  i n c l u d e  un- 
c e r t a i n  m o d e l  p a r a m e t e r s  i n  b o t h  t h e  s t a t e  equations and measure- 
ment   equa t ions   (Refs .  1 5  and  16) .  Some parameters  w i l l  b e  esti-  
m a t e d ,   o t h e r s  w i l l  no t .   Cons ider   the   fo l lowing   dynamica l   sys tem 
composed o f  f i r s t - o r d e r ,  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  t h a t  
d e s c r i b e  t h e  s t a t e  of a v e h i c l e :  
X ( t >  = f [ X ( t ) ,  w ,  u ,  t l  (41) 
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where X i s  an m-vector of state v a r i a b l e s   ( e . g . ,   p o s i t i o n ,   v e l o c -  
i t y ,  and a t t i t u d e ) ;  W is an  R-vector   of   model   parameters   ( in  
e i t h e r  t h e  e q u a t i o n s  o f  m o t i o n  o r  measurement  equat ions)  tha t  are 
t o   b e   e s t i m a t e d   a l o n g   w i t h   t h e  s t a t e ;  and U i s  a q-vector  of  un- 
cer ta in  mode l  pa rame te r s  i n  the  equa t ions  of m o t i o n  t h a t  are n o t  
t o  b e  e s t i m a t e d ,  b u t  n e v e r t h e l e s s  t h e i r  u n c e r t a i n t y  s h a l l  d e g r a d e  
t h e   c o n f i d e n c e   o f   t h e  s ta te  estimate. The mean value  of  U is  
s p e c i f i e d  a p r i o r i  t o  be  Uo and i t s  cova r i ance   ma t r ix  i s  D. 
Consider  W and U t o   b e   c o n s t a n t   v e c t o r s ,   e q u a t i o n  (41) can  be 
r e w r i t t e n  as fo l lows  : 
X’(t) = f [ X ’ ( t ) , t ]  
where 
X’ = [i] ( 4 3 )  
The f i r s t  m e q u a t i o n s   i n   e q u a t i o n  ( 4 2 )  are i d e n t i c a l   t o   e q u a t i o n  
( 4 1 ) .  The l a s t  R + q equa t ions  merely s t a t e  t h e  W = 0 and 
U = 0 ,  i . e . ,  the  components  of W and U are c o n s t a n t   w i t h  time. 
The v a r i a b l e s   b e i n g  measured a t  t i m e  ti a r e   r e l a t e d   t o   t h e  
s t a t e  a s   fo l lows :  
where Y is a p-vec tor   o f   measurement   var iab les ,  and V i s  an 
r -vec to r  of uncer ta in  measurement  parameters  tha t  are n o t  t o  b e  
e s t ima ted  bu t  whose  unce r t a in ty  sha l l  deg rade  the  conf idence  of 
t h e   s t a t e  estimate. The  mean v a l u e  of V i s  V,, and i t s  cova r i -  





The f i r s t  m e q u a t i o n s   i n   e q u a t i o n  ( 4 5 )  are i d e n t i c 9 1   t o   e q v a t i o n  
(41)  , . snd   t he  last  R + q + r e q u a t i o n s  s t a t e  t h e  W = 0 ,  U = 0 ,  
and V = 0. 
The minimum v a r i a n c e  f i l t e r i n g  e q u a t i o n s  c o r r e s p o n d i n g  t o  
e q u a t i o n s  ( 4 5 )  and ( 4 7 )  a r e   i d e n t i c a l   t o   e q u a t i o n s  (35) t h r u  ( 4 0 ) ,  
w i t h  2 and P replaced  by  x/’   and P”. However, w e  d i d   n o t  
d e s i r e   t o  estimate v e c t o r s  U and V. Thus,  w e  w i l l  p a r t i t i o n  
X” and P ”  i n t o   t h e   p a r t s   b e i n g   e s t i m a t e d  and   t hose   no t   be ing  
e s t ima ted .   Def in ing  Z t o   b e   t h e   e x p a n d e d   v e c t o r   b e i n g  estimated, 
t h e n  
A 
= I:] 
P e r t u r b a t i o n s   i n  U and V a b o u t   t h e i r  mean va lues ,   and  Z about  
i t s  r e f e r e n c e  s o l u t i o n  a r e  
u = u - u  
0 
v = v - v o  ( 4 9 )  
z = z - z  REF 
The cova r i ance   ma t r ix  P”  is p a r t i t i o n e d   i n t o  a m + R sub- 
m a t r i x  P c o r r e s p o n d i n g   t o  Z and   t he  q x q and r X r sub- 
m a t r i c e s  D and S c o r r e s p o n d i n g   t o U and V ,  r e s p e c t i v e l y .  
The m a t r i c e s  Cuz and Cvz c o n t a i n   c o r r e l a t i o n  terms between 
u and z ,  and v and z ,  r e s p e c t i v e l y .  The v e c t o r s  u and 
v are assumed t o   b e   i n d e p e n d e n t  s o  t h a t  t h e i r  c o r r e l a t i o n  i s  zero .  
The G” m a t r i x  is p a r t i t i o n e d   i n t o   t h e  m + R + s submatr ix  G 
c o r r e s p o n d i n g   t o  Z ,  and   t he  r x r s u b m a t r i x  H cor responding  




G " = [  G f 0 I H ]  
" W  - 
m + R  q r 
where 
The state t r a n s i t i o n   m a t r i x  $ * *  is 
x (m + a )  submat r ix   co r re spond ing   t o  
(m + a )  x q submat r ix  8 c o r r e s p o n d i n g   t o  
a n d  i d e n t i t y  a n d  n u l l  s u b m a t r i x e s  as fo l lows :  
Because u  and v are n o t   b e i n g   e s t i m a t e d ,   t h e i r   c o v a r i a n c e s  
D and S i n   e q u a t i o n   ( 5 0 )  w i l l  r ema in   cons t an t   h roughou t   he  
minimum v a r i a n c e   p r o c e s s i n g .  Had U and V been   pe rmi t t ed   t o  
be   e s t ima ted ,   t hey   wou ld   have   been   i nc luded   i n  2 and t h e i r  co- 
var iance would been updated.  
S u b s t i t u t i n g   e q u a t i o n s  (48) t h r u  (52) i n t o   e q u a t i o n s   ( 3 5 )   t h r u  
( 3 7 )  y i e l d s  t h e  f o l l o w i n g  r e c u r s i v e  minimum v a r i a n c e  f i l t e r i n g  
equat ions  for  an  expanded s t a t e  w i t h  u n c e r t a i n  p a r a m e t e r s  c o n t a i n e d  
i n  t h e  e q u a t i o n s  o f  m o t i o n  and measurement equations: 
27 
The estimate, c o v a r i a n c e ,  a n d  c o r r e l a t i o n  matrices are propagated  
between measurement  points  by means of  the fol lowing equat ion ob- 
t a i n e d   f r o m   e q u a t i o n s  (39)  and (40): 
qtn+l I tn) = o ‘ 2  (tn I tn) ( 5 4 4  
T T T T 
Pn(tn+l) = ’ Pn(tn> 4 + 4 ‘uz (tn) + e ‘uz (tn) o + (54b) 
n n 
(54c) 
‘uz (tn+l) = ’ ‘uz (L) + 
n n 
where 
E. Computat ional   Procedures  
B e c a u s e  o f  t h e  c o m p l e x i t y  o f  t h e  r e c u r s i v e  f i l t e r i n g  e q u a t i o n s ,  
w e  w i l l  n e x t  o u t l i n e  t h e  s e q u e n t i a l  o p e r a t i o n s  p e r f o r m e d  when ap- 
p l y i n g   t h e s e   e q u a t i o n s   t o  a problem.  The  f low  logic   diagram  (f ig .  
1) w i l l  a i d   i n   t h e   d i s c u s s i o n .   S e q u e n t i a l   o p e r a t i o n s  are: 
1) Estimste t h e   v a l u e s  of t h e  i n i t i a l  expanded s t a t e  vec- 
t o r  Z ( t o )  and i t s  covar iance   Po( to) ,   the   model   pa-  
rameters Uo and Vo and t h e i r   r e s p e c t i v e   c o v a r i a n c e s  
D and S ,  a n d   t h e   c o r r e l a t i o n  matrices 
and c . Z ( t o )  w i l l  be   used as t h e   r e f e r e n c e  
s o l u t i o n  
,. ‘UZo P o )  ’ 
VZO(‘0) 
‘REF(‘0) 
2)  Se t   he   measu remen t   da t a   po in t   coun te r ,  i = 1. 
3) O b t a i n   t h e   f i r s t   m e a s u r e m e n t   d a t a   p o i n t  of the   chrono-  
log ica l ly   o rde red   da t a .   The   magn i tude ,  
t i ,  and   covar iance ,  o2 (ti), are r e q u i r e d .  
h i  ’ time , 
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( t o )  
D 
S 
I Integrate  nonlinear 
Calculate s ta te  
transit ion matrix 












Figure 1.- Schematic of Recursive F i l t e r i n g  Logic 
4 )   I n t e g r a t e   t h e   n o n l i n e a r  s ta te  equa t ion ,   equa t ions   (41 )  
from i n i t i a l   c o n d i t i o n s  ZREF(tlml) t o  t i .  T h i s  
s o l u t i o n  w i l l  be   used  as t h e   r e f e r e n c e .   C a l c u l a t e   t h e  
s ta te  t r a n s i t i o n   m a t r i x  #(ti-l,ti') and  parameter  
t r a n s i t i o n   m a t r i x  0 ( t i )  c o r r e s p o n d i n g   t o   t h e   r e f e r -  
e n c e  s o l u t i o n  ( s e e  S e c t i o n  1II.F for  methods  of  de te r -  
m i n i n g  t h e s e  m a t r i c e s ) .  
5) C a l c u l a t e   t h e   r e f e r e n c e   v a l u e   o f   t h e   n o n l i n e a r  meas- 
merits 9 YREF(ti)' f rom  equat ion  ( 4 4 ) .  A l s o   c a l c u l a t e  
G and H matrices i n   e q u a t i o n  (51b) a t  time t . 
i 
6 )  C a l c u l a t e  yM(ti), t h e  d i f f e r e n c e  b e t w e e n  t h e  a c t u a l  
measurement, Y M  , and  co r re spond ing  r e fe rence  meas- 
i 
surements ,  Y 
m F ( t i )  
7 )  Propagate   the   expanded  s t a t e  p e r t u r b a t i o n s ,   t h e  co- 
v a r i a n c e   a n d   c o r r e l a t i o n  matrices from t 
by  means of e q u a t i o n  ( 5 4 ) .  N o t e   t h a t  when beginning  
t h e  p r o c e s s ,  ;(to I to)  = 0.  
i-1 t o  tl 
8) Per fo rm  the  minimum v a r i a n c e   u p d a t e  a t  by  us ing  ti 
e q u a t i o n  (53) i n  t h e  f o l l o w i n g  o r d e r :  
C a l c u l a t e  J; 
C a l c u l a t e  K ;  
Ca lcu la t e   P i ( t i ) ,  Cuz (ti), Cvz (ti); 
i i 
9) The l i n e a r  f i l t e r  t h e o r y  c a n  now b e  u s e d  i n  e i t h e r  o f  
two  ways -- e i t h e r  u p d a t e  t h e  r e f e r e n c e  o r  d o  n o t  up- 
d a t e   t h e   r e f e r e n c e   t r a j e c t o r y .  When a good i n i t i a l  
estimate of the expanded s t a t e  i s  u n a v a i l a b l e  a n d / o r  
t h e  m e a s u r e m e n t  d a t a  s i g n a l - t o - n o i s e  r a t i o  is l a r g e ,  
advan tages  can  be  ga ined  by  upda t ing  the  r e fe rence ;  
when t h e  s i g n a l - t o - n o i s e  r a t i o  i s  small and a good 
r e f e r e n c e  i s  a v a i l a b l e ,  i t  is b e t t e r  n o t  t o  u p d a t e  t h e  
r e f e r e n c e :  
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Updated  re ference  - Add the estimate of the ex- 
panded state p e r ' t u r b a t i o n s  ;(til ti) t o  t h e  non- 
l i n e a r  s t a t e  as fo l lows  
t h e n   r e d e f i n e  i(ti) t o   b e   t h e   r e f e r e n c e   f o r  fu- 
t u r e   p r o c e s s i n g .   B e c a u s e   t h e   c o r r e c t i o n  i(ttl ti) 
has  been  accoun ted  fo r  i n  the  upda ted  r e fe rence ,  
s e t  $( t i  I ti) t o  z e r o  f o r  f u t u r e  u s e .  Go t o  item 
10) .  
Nonupdated reference - Do n o t  r e f l e c t  t h e  estimate 
o f   t h e   p e r t u r b a t i o n s  '(ti 1 ti) i n t o  t h e  r e f e r e n c e  
s t a t e  ZREF,(ti) u n t i l  a l l  da ta   have   been   processed .  
Thus 9 ZREF (ti) is nonoptimum as the   p rocess   p ro -  ,. 
ceeds .  The c o r r e c t i o n s  z ( t i l t i )  are accumulated 
as shown i n  e q u a t i o n  ( 5 3 a )  . Go t o  i t e m  10 )  
10)   Update   the   measurement   da ta   counter ,  i = i + 1 and 
r e t u r n  t o  item 3 ) .  
A t  t h e  c o m p l e t i o n  o f  t h e  f i l t e r i n g ,  when e i t h e r  a l l  d a t a  h a v e  
been  p rocessed  o r  a f i n a l  time has been m e t ,  t h e  r e f e r e n c e  t r a j e c -  
t o r y  i s  u p d a t e d  i f  i t  h a s  n o t  a l r e a d y  b e e n  ( i . e . ,  u p d a t e d  r e f e r -  
ence  mode).  This  expanded s ta te  v e c t o r  2 t t r e p r e s e n t s   t h e  
b e s t  estimate a t  f i n a l  time based  on p r o c e s s i n g  a l l  d a t a .  It must 
t h e r e f o r e  b e  s m o o t h e d  b a c k  t o  t h e  i n i t i a l  time t o  o b t a i n  t h e  b e s t  
estimate o f   t he  s t a t e  v e c t o r  a t  a l l  times between to  and 
based on p rocess ing  a l l  d a t a .  The cova r i ance   ma t r ix   mus t   a l so   be  
p ropaga ted   back   t o  t o  t o   g i v e   t h e   u n c e r t a i n t y  a t  any t i m e  based 
on p rocess ing  a l l  d a t a .  The smoothing  of   the  expanded state vec- 
t o r  is  accompl i shed  by  in t eg ra t ing  equa t ion  (41 )  backward  in  time 
from tf  t o  to .  The c o v a r i a n c e   a n d   c o r r e l a t i o n  matrices are 
propagated   backward   in  t i m e  v i a   e q u a t i o n s  (54) .  The r e s u l t i n g  
i n i t i a l  s ta te  v e c t o r  c a n  b e  u s e d  f o r  a s e c o n d  i t e r a t i o n  i f  n e c e s -  
s a r y  o r  d e s i r e d .  The smoothed  covariance  matr ix   should  not   be 
used on t h e  s e c o n d  i t e r a t i o n ,  h o w e v e r ,  s i n c e  i t  d o e s  n o t  r e f l e c t  
t h e  t r u e  c e r t a i n t y  o f  t h e  first i t e r a t i o n ,  b e c a u s e  o f  p o s s i b l e  
l i n e a r i t y  v i o l a t i o n s ,  a n d  w i l l  b e   o p t i m i s t i c   ( t o o  small). Good 
"( f l  n )  
( t f >  
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cr i te r ia  are n o t  c u r r e n t l y  a v a i l a b l e  f o r  s e l e c t i n g  i n i t i a l  c o v a r i -  
ance  and  co r re l a t ion  matrices f o r  t h e  s e c o n d  i t e r a t i o n ;  t h e r e f o r e ,  
good judgment must be used. 
F. T r a n s i t i o n  Matrices 
I n   e q u a t i o n  ( 5 2 ) ,  t h e  s t a t e  t r a n s i t i o n   m a t r i x ,  $, is an  
(rn + a )  x (m + a )  mat r ix ,  wh ich  relates p e r t u r b a t i o n s  i n  t h e  e x -  
panded s ta te  v a r i a b l e s  a t  time tn t o   p e r t u r b a t i o n s  a t  time tn+l. 
T h e s e  p e r t u r b a t i o n s  o c c u r  a b o u t  t h e  n o m i n a l  o r  r e f e r e n c e  t r a j e c -  
t o r y  and are gove rned  by  the  l i nea r i zed  equa t ions  of motion as 
s e e n   i n   e q u a t i o n   ( 7 a ) .  The  xpanded s t a t e  v a r i a b l e   p e r t u r b a t i o n s  
c o r r e s p o n d  t o  b o t h  s t a t e  v a r i a b l e s  and  model parameters t h a t  are 
t o   b e   e s t i m a t e d .  When the   model   parameters -are   cons tan t   (governed  
by d i f f e r e n t i a l  e q u a t i o n s  t h a t  s ta te  t h a t  = 0)  t h e   c a l c u l a -  
t i o n   o f   t h e i r   e l e m e n t s   i n  $ i s  s i m p l i f i e d .  
‘i 
R e f e r r i n g  b a c k  t o  e q u a t i o n  (l), the n o n l i n e a r  s y s t e m  o f  o r d i -  
n a r y  d i f f e r e n t i a l  e q u a t i o n s  can b e  l i n e a r i z e d  t o  y i e l d  e q u a t i o n s  
( 3 ) .  The s ta te  t r a n s i t i o n  matrix 4 i s  a s o l u t i o n   t o  the linear- 
i z e d  e q u a t i o n s  as shown i n  equat ion  (7a)  and  can b e  c a l c u l a t e d  b y  
i n t e g r a t i n g  e q u a t i o n s  (3) f r o m  i d e n t i t y  in i t ia l  c o n d i t i o n s  as 
shown i n  e q u a t i o n  ( 7 b ) .  
Cons ider  the  sys tem of d i f f e r e n t i a l  e q u a t i o n s  i n  e q u a t i o n  ( 4 5 ) .  
L i n e a r i z i n g  t h e s e  e q u a t i o n s  a n d  i n t e g r a t i n g  f r o m  i d e n t i t y  i n i t i a l  
c o n d i t i o n s   y i e l d s   t h e   t r a n s i t i o n   m a t r i x   i n   e q u a t i o n  ( 5 2 ) .  Note 
t h a t   t h e r e  are m + II + q + r e q u a t i o n s   i n   t h e   s y s t e m .  However, 
a l l  b u t   t h e   f i r s t  m e q u a t i o n s  s t a t e  t h a t   t h e   t i m e   d e r i v a t i v e  of 
W ,  U, and V e q u a l   z e r o .  Thus t h e   m a t r i x  $ * >  can   be  pa r t i -  
t i o n e d  i n t o  t h e  f o l l o w i n g :  







( 5 5 )  
3 2  
The  upper  left (m + a )  x (m + E) submatrix  constitutes  the  state 
transition  matrix $I in  equations (54 )  The  upper  middle (m + a )  
x q submatrix  constitutes  the  parameter  transition  matrix 8 in 
equations (54). To obtain $I and e only m linear differen- 
tial  equations of motion  need  be  integrated.  However, m + 11 + q 
independent  vector  solutions  are  calculated,  each  solution  having 
a ,different  component  of z or u equal  unity,  all  other  cbmpo- 
nents  zero  at  the  initial  time of integration. 
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IV. NONLINEAR  EQUATIONS OF MOTION 
The principal  difficulty in formulating  a  reentry  filtering 
program  arises  in  mathematically  describing  the  dynamical  system, 
A s  a  result,  two  models  have  been  formulated  and  each  has  been 
carried  through  the  computer  program  development  phases,  The 
STEPl  model  has  included  within  it an accurate  representation  of 
the  vehicle  aerodynamics  as well  as atmospheric  conditions  that 
affect  the  aerodynamic  forces. The STEP2  model  bypasses  the  re- 
quirement  of  specifying  aerodynamic  and  atmospheric  character- 
istics  by  using  the  measured  body  translational  accelerations 
directly  in  the  equations  of  motion.  Both  programs  use  the  meas- 
ured  inertial  angular  rates  to  replace  the  rotational  dynamics, 
This  alleviates  the  requirement  of  solving  the  full 6-D equations 
of  motion  including  guidance  system  and  autopilot, In the  follow- 
ing  subsections,  the  detailed  equations  of  state  in  both  their 
nonlinear  and  linear  forms  are  presented  for  STEPl  and  STEP2. The 
linear  equations  of  motion  are  used  to  determine  the  state  tran- 
sition  matrix. 
A .  Axes Systems 
The  axes  systems  used  in  the  following  development  are now 
described  with  the  aid  of  figure  2. 
1. Inertial ;axes  I-frame,  unit  vectors  e  XI’ eYI’ en)*-
The  inertial  axes  is  a  right-hand  Cartesian  axes  system  fixed  in 
space.  Neither  its  orientation  nor  the  position  of  the  origin 
varies  with  time. In applying  Newton‘s  laws  of  motion,  the  dy- 
namic  motion  is  referenced  to  this  space  fixed  axes. The eZI 
axis  points  through  the  north  geographical  pole;  e and e 
lie  in  the  equitorial  plane. XI YI 
2. Planet  axes  (P-frame,  unit  vectors  e XP’ eYP’ ezp) * -  
This  planet  fixed  axes  constitutes  a  right-hand  Cartesian  axes 
system  having  its  origin  at  the  center of the  planet.  It  is  fixed 
in  the  planet so that  the  axes  rotate  relative  to  the I-frame 
The  e axis points toward the north geographic pole, 
and e lie in the equatorial plane with e directed toward 
the  prime  meridian  (zero  longitude), 
ZP The eXP 
YP XP 
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F i g u r e  2 . -  Schemat ic  of  Ear th  Model 
3 .  Geographic   axes   G-f rame,   un i t   vec tors  e XG' eYG' eZG." 
The geographic axes form a r igh t -hand  Car t e s i an  system w i t h  o r i g i n  
a t  t h e  v e h i c l e  c e n t e r  of g r a v i t y ,  y e t  a l w a y s  r e t a i n i n g  a f i x e d  
o r i e n t a t i o n   r e l a t i v e   t o   t h e   g e o g r a p h i c   d i r e c t i o n s .  The e a x i s  
a l w a y s  p o i n t s  i n  a d i r e c t i o n  t o w a r d  t h e  p l a n e t  c e n t e r  f r o m  t h e  ve- 
h i c l e   c e n t e r   o f   g r a v i t y ;  e p o i n t s  east ,  and e p o i n t s   n o r t h .  
ZG 
YG XG 
4 .  Body axes   (B- f r ame ,   un i t   vec to r s  e e eZB).- The 
body axes is a r igh t -hand  Car t e s i an  sys t em a l igned  wi th  the  axes  
of t h e   v e h i c l e .  The eXB a x i s  is d i r e c t e d   f o r w a r d   a l o n g   t h e   v e -  
h i c l e ' s   l o n g i t u d i n a l  axis; e p o i n t s   r i g h t   ( o u t   t h e   r i g h t   w i n g ) ,  





B. T r a n s l a t i o n a l   E q u a t i o n s  of Motion 
Newton's second l a w  w r i t t e n  i n  v e c t o r  f o r m  is 
F = m ?  ( 5 6 )  
where F i s  t h e  t o t a l  e x t e r n a l  f o r c e  v e c t o r  a c t i n g  o n  t h e  v e h i c l e ,  
m is t h e  mass of t h e   v e h i c l e ,   a n d  r i s  t h e   p o s i t i o n   v e c t o r   f r o m  
t h e  o r i g i n  of a n  i n e r t i a l  a x e s  s y s t e m  t o  t h e  c e n t e r  of mass of  t h e  
v e h i c l e .  The a c c e l e r a t i o n  r i s  r e l a t e d   t o   t h e   i n e r t i a l   a x e s  
system. The e x t e r n a l   f o r c e   v e c t o r  F i n c l u d e s  a l l  aerodynamic,  
p r o p u l s i v e ,  a n d  g r a v i t a t i o n a l  f o r c e s  a c t i n g  o n  t h e  b o d y ,  
.. 
.. 
Expanding r i n  terms of v e l o c i t i e s  and a c c e l e r a t i o n s  rela- 
t i v e  t o  t h e  p l a n e t  s u r f a c e  y i e l d s :  
r e l a t i v e  C o r i o l i s  c e n t r a p e t a l  
a c c e l e r a t i o n  a c c e l e r a t i o n  a c c e l e r a t i o n  
where a and V are  t h e   a c c e l e r a t i o n   a n d   v e l o c i t y  of t h e   v e h i c l e  
( t r e a t e d  as a mass p a r t i c l e )  r e l a t i v e  t o  t h e  moving p l a n e t ,  R 
i s  t h e  a n g u l a r  r o t a t i o n  ra te  of t h e  p l a n e t  r e l a t i v e  t o  i n e r t i a l  
space,   and r i s  t h e   a c c e l e r a t i o n  of t h e  mass c e n t e r   w i t h   r e s p e c t  
t o  i n e r t i a l  space, From equa t ions  (56) and (571, w e  o b t a i n   t h e  
v e c t o r  e q u a t i o n s  of motion 
P '  
.. 
The v e l o c i t y  a n d  a c c e l e r a t i o n  c a n  b e  e x p r e s s e d  i n  t h e  G-frame axes  
system as fo l lows :  
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S u b s t i t u t i n g  e q u a t i o n s  ( 5 9 )  and (60 )  i n t o  (58) y i e l d s   t h e   f o l l o w -  
i n g  t h r e e  scalar e q u a t i o n s  a l o n g  t h e  G-frame a x e s  c o o r d i n a t e  d i -  
rec t i o n s  
Def in ing   u ,  v ,  and  w as t h e   c o m p o n e n t s ,   t h e   i n e r t i a l   v e l o c i t y  
a l o n g  t h e  e e e d i r e c t i o n s ,   r e s p e c t i v e l y .  
XG’ YG’ ZG 
u = r:cp 
v = r (e. + +) c o s  cp 
w = - r  
. 





. I  
Equa t ions  (63 )  are t h e  d y n a m i c  e q u a t i o n s  o f  t r a n s l a t i o n a l  mo- 
FXG/m’ FyG/,’  and ‘ Z G L  , must  be de- 
t i o n  t h a t  y i e l d  t h e  i n e r t i a l  v e l o c i t y  v e c t o r  time h i s t o r y ,  The 
e x t e r n a l  a c c e l e r a t i o n s ,  
d e s c r i b e d  i n  terms o f  t h e i r  g r a v i t a t i o n a l ,  a e r o d y n a m i c  a n d  
propuls ive components .  
The k i n e m a t i c  e q u a t i o n s  t h a t  y i e l d  t h e  p o s i t i o n  of t h e  v e h i c l e  
can  be  obta ined  f rom equat ions  (62)  as fo l lows :  
37 
The variables u, v, w, h, 9 ,  and 0 define the trans- 
lational  velocity  and  position of the  vehicle  and  constitute  six 
of  the  state  variables in the STEP models, 
C.  Rotational  Equations  of  Motion 
Normally  six  equations  are  required  to  characterize  the  rota- 
tional  motion  of  a  vehicle -- three  kinematic  equations  that  yield 
the  angular  orientation  and  three  dynamic  equations  that  yield  the 
angular  velocity.  Like  the  dynamic  equations of translation  that 
balance  the  external  forces,  equations (631, the  dynamic  equations 
of rotation  balance  and  external  torques,  The  external  torques  on 
an entry  vehicle  arise  from  the  primary  propulsion  system,  attitude 
control  jets,  aerodynamic  control  devices,  as  well  as  internal  ro- 
tating  equipment.  Precise  modeling  of  these  torques  for  unsymmet- 
trical,  guided  vehicles  is  very  complex,  especially in  a  filtering 
application  where  a  state  transition  matrix  is  required.  There- 
fore,  STEP  omits  the  dynamic  equations f rotation  and  instead  uses 
the  inertial  angular  rate  measurements P, Q, and R from  air- 
borne  gyros. 
The  kinematic  equations of rotation  are  formulated  using  a 
four-parameter  system of quaternions  (refs. 18 thru 20). This 
formulation  eliminates  the  singularities  associated  with  Euler 
angles,  yet  does  not  require  the  additional  computation  associated 
with  the  nine  direction  cosines.  Because  quaternions  have  not  been 
in common  use,  a  detailed  development  is  presented  herein. 
The  quaternion  is  a  four-parameter  quantity  commonly  written 
q = eo + eli + e2j + e,k (65) 
where eo, el,. e2, and e3 are real numbers, and i, j, and 
k  obey  the  following  rules: 
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The  conjugate  of t h e   q u a t e r n i o n   q ,   d e n o t e d  qgc is 
The q u a n t i t y  i s  c a l l e d  t h e  rea l  or scalar p a r t  of t h e  q u a t e r -  
n i o n ;  e l i  + e 2 ~  + e3k is c a l l e d   t h e   i m a g i n a r y   o r   v e c t o r   p a r t .  
The l e n g t h  o r  norm of  a q u a t e r n i o n  i s  d e f i n e d  t o  be 
eo  
llqll =@ = de: + e: + e: + e: ' 
I f   t h e   q u a t e r n i o n  q h a s  a norm of u n i t y ,  11q)) = 1, i t  is c a l l e d  
a v e r s o r .  
L e t  V b e  a vector   having  components  u ,  v ,  w.  It can   be  
w r i t t e n  
V = u i  + v j  f wk 
Forming  the  product  V' = q W  q ,  where q i s  a v e r s o r   y i e l d s  
+ [ 2 ( e l e 3  + e o e 2 )  u + 2 (e2e3 - e o e l )  v + (e; - e: - e$ + e$)w]k 
This  i s  s i m p l y  t h e  v e c t o r  t r a n s f o r m a t i o n  
I 1 (e; + e: - e; - e $ )  2 ( e l e 2  + eoe3) 2(ele3 -eoe2)  V' = GV w i t h  G = 2 ( e l e 2  - e o e 3 ) ( e ;  - e: + e$ - e:) 2(eOel + e 2 e 3 )  ( 7 1 )  2 ( e l e 3  + eoe2)  2 (e2e3  - e O e l ) ( e i  - e: - e; + e $ )  
The  qua te rn ion  may a l s o  b e  v i e w e d  i n  terms o f  a n  a x i s  r o t a t i o n  
about  a l i n e .  It  can   be  shown t h a t  t h e  o r i e n t a t i o n  of o n e   a x i s  
s y s t e m  w i t h  r e s p e c t  t o  a n o t h e r  a x i s  s y s t e m  i s  uniquely determined 
by a s i n g l e  r o t a t i o n  a b o u t  a s p e c i f i c  d i r e c t i o n .  The d i r e c t i o n  
v e c t o r  S c a n   b e   s p e c i f i e d  by t h e   t h r e e   a n g l e s  5 ,  n ,  5 ,  which 
i t  makes  wi th  the  axes  o f  t he  r e fe rence  f r ame ,  shown i n  f i g u r e  3 .  
Thus, w e  h a v e   f o u r   p a r a m e t e r s   t h a t   e s t a b l i s h   t h e   o r i e n t a t i o n  5 ,  




F i g u r e  3 . -  Axes O r i e n t a t i o n  
I n s t e a d  o f  t h e  commonly u s e d  s e q u e n c e  o f  E u l e r  a n g l e s  f o r  mov- 
i n g  t h e  r e f e r e n c e  a x i s  (G-frame) t o  t h e  body axis (B-frame),   the 
p rocedure  employ ing  qua te rn ion  pa rame te r s  can  be  v i sua l i zed  as 
f o l l o w s  : 
1) R o t a t e   t h e  G- f rame ,   u s ing   an   o r thogona l   ma t r ix  B of 
d i r e c t i o n   c o s i n e s ,   t o   c a u s e   t h e  e a x i s   t o   b e   a l i g n e d  
w i t h   t h e   d i r e c t i o n  S;  X 
2) Rota te   a round  S t h r o u g h   t h e   a n g l e  p ;  
3 )  R o t a t e   t h r o u g h   a n   i n v e r s e   m a t r i x  B-I u n t i l   t h e   a x e s  
are  a l i g n e d  w i t h  t h e  B-frame. 
The d i r e c t i o n  S a n d   t h e   v a l u e   o f  LI m u s t   b e   s e l e c t e d   t o   c a u s e  
t h e  a l i g n m e n t .  
Let e e and e b e   u n i t   v e c t o r s   i nt h e  G-frame. 
L e t  e e e b e   u n i t   v e c t o r s   i n   a n   a x e s  system having e 
a l i g n e d   w i t h  S ,  e l i e s  i n   t h e  e - e p lane   and  e forms 
XG’ YG’ ZG 
x’ Y ’  z X 
Y XG YG Z 
a right-hand  system.  Because e makes  angles  5, 9, and 6 
X 
w i t h  e e and e t h e  t r a n s f o r m a t i o n  w h i c h  r o t a t e s  
XG’ YG’ ZG’ 
e 
XG ‘ e YG ’ and e i n t o  e ZG X’ e Y’ e Z is 
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where 
are  the  elements  of  the  matrix  B. 
The  remaining  elements of B  can  be  determined  because  it is 
required that e be perpendicular to e and the matrix B ZG Y’ 
be  orthogonal  and  reduce  to  the  identity  matrix  when 5 = 0, 
q = 5 = ~ / 2 .  Thus, 
The second rotation through about ex can be represented by 
the  matrix 
The  transformation  from 
1 0  0 
where M = 5 - 1:: ,” 1:: I 
the e ey#, and e axes to the B- x ,  Z 
e 
XB 
YB ] = B” 
ZB 
e *  
e 
the  G-frame to the  Brframe is the  product 
The  final  rotation  from 
frame  is 
C74) 
(75) 
of  the  three  transformations  above  or 
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where G has  the  elements 
eo = cos $, el = cos r, sin $, e2 = cos r, sin  e3 = cos 5 sin 1 (78) 
Thus, the  G-matrix  becomes 
2’  2 
which  is  identical  to  the  transformation  matrix  in  equation (711. 
The four quantities eo, el, e2, and e3 are called Euler 
parameters, and, from  their  definition,  equation (781, they  must 
satisfy  the  normality  property 
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Hence,  they  are  not  independent. 
Because  the  transformation  matrix G can be corgposed of three 
orthogonal  Euler  angle  transformations,  it  also i  orthogonal, 
Therefore, 
G-' = GT 
and 
e  e 
e 
ZB 
We  have  seen  that  under  static  conditions  the  G-frame  compo- 
nents  can  be  transformed  to  the  B-frame  via  the  transformation 
matrix  G  in  equation (761, which  is  a  function  of  the  Euler 
Parameters eo, elr e2, and e3* These Euler parameters con- 
stitute  the  real  numbers  in  the  quaternion q, equation (651. 
Equations (78) relate  the  Euler  parameters  to  angles 5, n., 5 ,  
and F!. 
Next  consider  the  B-frame  rotating  with  respect to  the  G-frame 
so that  at  any  time t the  orientation  is  given  by <, n, €,, 
and p through  the  quaternion 
q = cos LL + 5 sin 1)i + (cos sin $)j + (cos 5 sin $)Is (831 
2 2 
At a  later  time t + At the  B-frame  can  be  related  to  either  the 
G-frame  or  the  B-frame  at  a  time t. We  choose  the  latter  and 
orient  the  B-frame  at  time t + At (B'-frame) to  the  B-frame at 
time t through the quaternion 
where <', n L ,  and 5' are angles specifying the direction vec- 
tor S' with  respect  to  the  B-frame  axes  at  time t. bp is  the 
magnitude  of  the  rotation  about S'. The  quaternion qE can  be 
written 
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q E  = I +  E (86)  
where 
A 
E = 9 [ o  + (cos  q‘)i + (cos n ’ ) j  + (cos 6’)kl  (87) 
B e c a u s e   t h i s   r o t a t i o n   o c c u r s   b e t w e e n   t i m e  t and t + A t ,  w e  can 
write t h e  q u a t e r n i o n  r e l a t i n g  t h e  B’-frame t o  t h e  G-frame as t h e  
product  of qE ( r e l a t i n g   t h e  B’-frame to   t he   B- f r ame) ,   and   q ( t )  
( r e l a t i n g  t h e  B-frame t o  t h e  G-frame) 
The time r a t e  of change  of   q( t )  i s  d e f i n e d   t o   b e  
{(t)  = - l i m  g ( t  + At) - q ( t )  
A t-to A t  
The re fo re ,  
: ( t )  = q ( t )  2 = I q ( t )  1; [ cos   < . ) i  + ( cos  n * ) j  + (cos  <’)k] (90) 
A t+Q A t  2 
But the components of t h e  a n g u l a r  r o t a t i o n  vec:or i n  t h e  B-frame 
axes are 
w = p cos 5’ w = p cos  rl‘ 
X 
w = 1; cos  5’ 
Y Z 
which, when s u b s t i t u t e d  i n t o  e q u a t i o n  ( g o ) ,  y i e l d s  
D j f f e r e n t i a t i n g   q ( t )   i n   e q u a t i o n  (65)  y i e l d s  
: ( t )  = G o  + ;? l i  + G2-j + ;?3k 
Equating  components i n  e q u a t i o n s  (32) and  (93)   gives  
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which  can  be  solved  for w w and w x’ Y’ Z 
w = 2[-e2k3 + e362 + eOkl - elCo] X 
w = 2[+e1;?, - e3G1 + eo$ - e2Go] 
wz = 2[-e1G2 + e2G1 - e3G0 + eoG31 
Y 
Thus knowing the four parameters, eo, e l ,  e2, and e3, and 
their  rates,  the  components  of  the  rotation  vector  can  be  deter7 
mined. 
In  STEP,  we  assume  that  the  angular  rotation  rate  vector Cl 
B’ 
between  the  B-frame  and  I-frame  is  known. We desire  to  determine 
the  attitude  of  the  vehicle  with  respect  to  the  G-frame.  The  ro- 
tation  vector  of  the  B-frame  with  respect to he  Gvframe, 
is  the  difference  between RB and RG, the  later  being  the 
angular  rotation  vector  of  the  G-frame  with  respect  to  the  I-frame. 
%G * 
Q = RB - RG BG 
The  inertial  angular  rates P,  Q,  and R are  components of 
From  figure  2,  we  see  that %’ 
V 
where 




Using  matrix  notation  we  can  write  ecluation ,(96) as EoUowsc 
r 
1'1 I V 
where G is the  transformation  matrix  relating  the  B-frame  to  the 
G-frame  and  given  in  equation (79). Note  that  the  components  of 
R are w w and w required'in equation ( 9 4 ) .  Substi- 
tuting  equation (100) into ( 9 4 )  yields 
BG x' Y' Z 
1 
2 
= -  
- el - e2 - e3 
eo - e3 e2 
e3 eo - el 
- e2 el  o
- G  






- - tan cp V 
r 
nonlinear  differential 
equations  for  the  Euler  parameters  as  functions  of  the  inertial 
angular  rates,  inertial  velocity  components  and  vehicle  positions. 
Because of the  dependency  existing  in  the  Euler  parameters,  as 
a  result  of  the  normality  equation,  equation (go ) ,  only  three  of 
the  scalar  equations  in  equation (101) can  be  recursively  updated 
by  equation (53a). In  Section I V . H ,  this  dependency  and  the  way 
the STEP accommodates  it  will  be  discussed  in  more  detail. 
L). External Accelerations 
In  equation ( 6 3 ) ,  the  external  accelerations  acting on the  ve- 
hicle  were  required,  The  accelerations  normally  arise  from  three 
sources -- gravity,  aerodynamics,  and  propulsion -- which  will  be 
described  next. 
1.  Gravitational  accelerations.-  The  gravitational  potential 
including  up  to  second  harmonic  terms  is  from  reference 21. 
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where 
G = universal  gravitational  constant 
M = mass of the  planet 
RE = equatorial  radius 
The  gravitational  potential  may  be  used  to  obtain  the  gravita- 
tional  force  per  unit  mass  by  means  of  the  gradient  operator 
In spherical  polar  coordinates  the  gradient  operator  is 
which  yields 
XG/m - 9 sin 2cp [:dj ZG/m = I :2 - 7 p J  (2 3 cos2 cp) 
-Gravity 
where 
2. Aerodynamic  and  Propulsive  Accelerations.- It is  in  the 
characterization of the  aerodynamic  and  propulsive  accelerations 
that  the STEP1 and STEP2 model  formulations  differ. STEP2 uses 
airborne  accelerometer  measurements  that  include  all  external  ac- 
celerations  of  a  propulsive  or  aerodynamic  nature.  These  meas- 
urements  are  first  transformed  from  the  sensor  location  to  the 
center  of  gravity  by  the  following  transformation: 
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-(Q2. + R2) (PQ - i) (PR + 6) 
(PQ -t i )  - (P2 + R2> (QR - 
(PR - 42 (QR + $2 - v2 + Q2] I 
The  accelerations  acting  through  the  center of gravity  are  then 
transformed  to  the  G-frame via  the  transformation  equation 
where  G  is  given  by 
T 





In  the  STEP1  formulation,  no  propulsive  terms  are  included, 
and  the  aerodynamic  terms  are  expressed  in  the  B-frame. The B- 
frame  components  are  transformed  to  the  G-frame  as  follows 
The  aerodynamic  force  coefficients  can  be  expressed  in  terms  of 
the  lift,  drag,  and  sideforce  coefficients CL, CD, and Cy 
(see  fig. 4 )  where CL and CD are  directed  normal  to,  and  along 
the velocity projection in the e - e plane. CY produces a 
sideforce, Y, acting  in  the  direction of e The  lift,  drag, 










where a is  the  angle  of  attack, q the  dynamic  pressure,  and 
S the  reference  area, 
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Figure  4 . -  V e h i c l e   A t t i t u d e   A n g l e s  
The a e r o d y n a m i c  c o e f f i c i e n t s  c a n  a l s o  b e  e x p r e s s e d  i n  terms 
o f   t h e   a x i a l   f o r c e ,   n o r m a l   f o r c e ,   a n d   s i d e f o r c e ,  CAS CN8 and 
C CA and CN p r o d u c e   f o r c e s   t h a t  act  i n  t h e  -eXB and -eZB 
d i r e c t i o n s ,  C produces a f o r c e   a c t i n g   a l o n g  e The trans- 
f o r m a t i o n  t o  t h e  B-frame is 
Y' 
Y YB * 
The ae rodynamic  coe f f i c i en t s  a r e  somet imes  expres sed  in  the  
p lane   and   normal   to   the   p lane   conta in ing  e and   t he   ve loc i ty  
v e c t o r   ( s e e   f i g .  4 ) .  The a x i a l   c o e f f i c i e n t ,  CA i s  d i r e c t e d  





normal t o   t h e  e a x i s   i n  t h e  eXB - VA p l a n e ;   a n d   t h e   s i d e -  KB 
f o r c e   c o e f f i c i e n t ,  Cy , d i r e c t e d   n o r m a l   t o   t h e  e a x i s   a n d  
XB 
tl 
normal t o   t h e  eXB - VA p lane .  This c h a r a c t e r i z a t i o n   t r a n s f o r m s  
t o  t h e  B-frame as fo l lows:  
The dynamic pressure,  is 







where p is the   a tmosphe r i c   dens i ty ,   and  VA is 
'1 
WA 
t h e  v e l o c i t y  o f  
t h e   v e h i c l e   r e l a t i v e   t o   t h e   a t m o s p h e r e ,  VA c a n   b e   c a l c u l a t e d   f r o m  
u,   v ,  and w a f t e r   a t m o s p h e r i c   w i n d s  are v e c t o r i a l l y   a d d e d ,  L e t  
u be  the  wind  component   f rom  the  north  and vw the  component 
f rom the  east ,  t h e n  t h e  c o m p o n e n t s  o f  t h e  v e l o c i t y  v e c t o r  r e l a t i v e  
to  the  a tmosphe re  are 
W 
UA = u + uw 
vA = v - rQp cos  + + vw 
WA = w 
t h u s  , 
The  aerodynamic  coeff ic ients   depend on t h e  s t e e r i n g  a n g l e s  a, 
8 ,  o r  0, 5 ,  These  angles   can  be  calculated  f rom  the  components  
of VA i n   t h e  B-frame  which are o b t a i n e d  by t r ans fo rming  uAl VAS 
wA as fo l lows :  
U 






The  steering  angles  can  then  be  seen  from  figure 4 to  be 
W 
sin ct = I3 cos a = UR 4- d w  
sin @ = - VB cos 0 = 4-  V A V A 
The  transfornation  matrix G  in equation (116) relates  com- 
ponents  in  the  B-frame  to  components  in  the  G-frame  and  is a func- 
tion  of  the  body  attitude  (orientation)  given  in  equation (79). 
E. Atmosphere  Model 
The  equations  solved  in  determining  atmospheric  properties  are 
developed  in  references 22 and 23. For  completeness  they  are  re- 
peated  below, It is  assumed  that  the  defining  characteristic  of 
the  atmosphere  consists  of a molecular  scale  temperature, Trr, 
versus geopotential  altitude H, 
geometric altitude, ho, or a 
combination of both H and h . 
0 
This T versus H or h de- 
If 0 
pendente consists of a series of 
straight-line  (constant  gradient) 
segments  as  shown  in  figure 5. 
The  geopotential  altitude  can  be 
calculated  as a function  of  the 
geometric  altitude  from  the  fol- 
lowing  equation (ref. 22). 
/ / / / I  
RA hO H =  
RA + hi 
Figure 5.- Molecular  Scale  Temperature 
Altitude  Profile 
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where RA is t h e   a v e r a g e   E a r t h   r a d i u s  a t  a l a t i t u d e  o f  4.5" 33' 
32". Th i s   equa t ion ,   a l t hough   approx ima te ,  i s  good t o  w i t h i n  1 4  
f t  a t  a n  a l t i t u d e  of 1.0 x lo6 f t .  
/ 
T h e  c o r n e r  p o i n t s  c o n n e c t i n g  t h e  s t r a i g h t - l i n e  s e g m e n t s  are 
r e f e r r e d  t o  as b a s e   a l t i t u d e s ,   b a s e   t e m p e r a t u r e s ,  etc. From a 
t a b l e  of b a s e  a l t i t u d e s  , b a s e  t e m p e r a t u r e s ,  a n d  t h e  s l o p e  dTM/dH 
w i t h i n   t h e   l i n e a r   s e g m e n t s  (LM) , t e m p e r a t u r e   c a n   b e   c a l c u l a t e d  
a t  a n y  d e s i r e d  a l t i t u d e  f r o m  t h e  f o l l o w i n g  e q u a t i o n :  
T =  
Values of and LM v e r s u s  €IB and zB are p r e s e n t e d   i n  
t a b l e s  1 and 2 f o r  t h e  1 9 6 2  U. S. Standard  and  1959 ARDC atmos- 
p h e r e s ,   r e s p e c t i v e l y .   T h e   a t m o s p h e r i c   p r e s s u r e  i s  determined as 
i i i 
(123a) 
f o l l o w s  : 
P ' P  f o r   s e g m e n t s   w i t h LM # 0 
] f o r   s e g m e n t s   w i t h  L = 0 (123b) M 
where PB is b a s e   p r e s s u r e s   c o r r e s p o n d i n g   t o   t h e   b a s e   a l t i t u d e s .  
T h e s e  b a s e  p r e s s u r e s  c a n  b e  c a l c u l a t e d  o n c e  t h e  sea leve l  pres -  
s u r e  , a n d   t h e   t e m p e r a t u r e   p r o f i l e   h a s   b e e n   s p e c i f i e d .  Hav- 
i n g   c a l c u l a t e d   t h e   t e m p e r a t u r e   a n d   p r e s s u r e ,   t h e   d e n s i t y ,  p ,  
speed of sound, c a n d   a t m o s p h e r i c   v i s c o s i t y ,  are de- 
i 
8 
S ,  PA' 
termined as f o l l o w s ,  
P = (2) 
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TABLE 2.- 1962 U.S. STANDARD ATMOS- 






















6 1  000 
79 000 
88  743 














































where go i s  an acceleration of g r a v i t y  a t  s e a  level,  M, Is the 
molecular  weight of a i r  a t  sea leve l ,  R* i s  t h e  gas constant,  y 
is  t h e  r a t i o  of s p e c i f i c  heats, and B and S are  S u t h e r l a n d ' s  
c o n s t a n t s .   T h e r e  are s l i g h t  d i f f e r e n c e s  b e t w e e n  the v a l u e s  of 
these c o n s t a n t s  i n  references 22  and 23.  To maintain c o n s i s t e n c y  
i n  STEP, t h e  f o l l o w i n g  v a l u e s  f r o m  r e f e r e n c e  23 are  used! 
Mo = 28.9644 
R* = 8.31432 x lo3 J 
y = 1.40 
@ = 1.458 x kg-"- 1 
sec m ( O K 1 7  
S = 110.4 OK = 198.72 O R  
go = 9.80665 rn/sec2 = 32.1741 f t / s e c 2  
I n  t h e  1 9 5 9  ARDC and  1962 U. S .  Standard   a tmospheres ,   the  
m o l e c u l a r  w e i g h t  v a r i e s  w i t h  a l t i t u d e  a b o v e  a p p r o x i m a t e l y  9 0  km. 
I n  STEP atmosphere,   the   molecular   weight  i s  assumed  constant  re- 
s u l t i n g  i n  a s l i g h t   d i s c r e p a n c y   a b o v e  90 km. I n   t h e   1 9 6 2  U. S .  
S t anda rd   a tmosphe re ,   geomet r i c   a l t i t ude  i s  used  above  90 km. In 
STEP, t h e  g e o m e t r i c  a l t i t u d e  i s  t r a n s f o r m e d  t o  g e o p o t e n t i a l  a l t i -  
tude,   which i s  used  throughout .  T h u s ,  above  90 km,  a c o n s t a n t  
s l o p e  o f  m o l e c u l a r  s c a l e  t e m p e r a t u r e  v e r s u s  g e o p o t e n t i a l  a l t i t u d e  
is  u s e d  i n s t e a d  o f  t h e  c o n s t a n t  s l o p e  of tempera ture   versus   geo-  
metric a l t i t u d e .   N e v e r t h e l e s s ,   t h e   1 9 5 9  ARDC and  1962 U. S .  
Standard  a tmospheres  used  in  STEP agree  remarkably  well  w i t h  t h o s e  
p u b l i s h e d  i n  r e f e r e n c e s  22  and  23  and shown i n  t a b l e  3. 
F .  STEPl and STEP2 Dynamic  Models 
The  dynamic  models i n  t h e  STEPl and STEP2 programs  can now be 
summarized. The t r a n s l a t i o n a l  and r o t a t i o n a l   e q u a t i o n s  o f  motion 
are  obta ined   f rom  equat ions   (63) ,   (64) ,  (101) , and (105) and a re  
as f o l l o w s  : 
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c o s  Cp - % 1 v / r  
- e  - e  - e  I 2 
eo - e 3 
e - e  
0 








2 r  e 3 
- e  
2 
[ %] = - 9 
r = RE + h  
The a c c e l e r a t i o n s  i n  t h e  G-frame are  o b t a i n e d  f r o m  a c c e l e r a t i o n s  
i n  t h e  B-frame as shown i n  e q u a t i o n  (108) 
where   t he   t r ans fo rma t ion   ma t r ix  G is from e q u a t i o n  (79)  
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The manner i n  w h i c h  t h e  b o d y  o r i e n t e d  a c c e l e r a t i o n s  a r e  c a l c u l a t e d  
i n  STEP2 and STEP2 d i f f e r  a n d  w i l l ,  t h e r e f o r e ,  b e  p r e s e n t e d  sep -  
a r a t e l y .  
1. STEP1.-  The a c c e l e r a t i o n s   a c t i n g   t h r o u g h   t h e   c e n t e r   o f  
g r a v i t y  a r e  s y n t h e s i z e d  f r o m  t h e  a e r o d y n a m i c  f o r c e  c o e f f i c i e n t ,  
dynamic  pressure  and mass as d e s c r i b e d  i n  e q u a t i o n s  (108) t h r u  
(112) .  
1 0 
0 cos 5 
0 - s l n  5 
It is an  easy  t a sk  to  mod i fy  the  p rogram to  inc lude  Reyno lds  number 
a n d  f l a p  d e f l e c t i o n  d e p e n d e n c e  of t h e  a e r o d y n a m i c  c o e f f i c i e n t s ,  
The f l a p  d e f l e c t i o n s ,  h o w e v e r ,  m u s t  b e  o b t a i n e d  from a i r b o r n e  
s e n s o r s .  
The s t e e r i n g   f u n c t i o n  a ,  B, n ,  and 5 are  obta ined   f rom 
equa t ions   (117)   t h ru   (120)   t o   be  
W 
s i n  a = B cos  a = 
(134a) 
(134b) 
0 3 5 )  
57 
where 
w i t h  
V 
B s i n  B a- 
vA 
s i n  rl = +- 
vA 
s i n  5 = R V 
= G  
u A = u + uw (ho) 
UB cos rl = - 
vA 
W 
cos 5 = B 







vA = v - rRp cos rp + vw ( ho) 
w = w  
A 
and 
The  dynamic p r e s s u r e  a n d  Mach numher are 
q = 7 ! - P  1 v i  
v 
A p-1 = -
C 
S 
The   dens i ty ,  p ,  speed of sound, c and atmospheric   winds 
S' 
are  f u n c t i o n s  of t h e  a l t i t ~ r d e  above an   ob la t e   p l ane t   ho ,  which is  
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where the o b l a t e   p l a n e t  radius R i s  
0 
2. STEP2.- I n  STEPZ, t h e  b o d y   o r i e n t e d   a c c e l e r a t i o n s   a c t i n g  
th rough  the  c ' en t e r  of g r a v i t y  are c a l c u l a t e d  f r o m  t h e  a i r b o r n e  
acce lerometer  measurements  via  e q u a t i o n  (107) 
I aXB a a YB ZB aXP _Ip] - 1:; + i )  4 P 2  + R2) (QR - $11 [;t a - (Q2 + R2) (PQ - i )  ( PR + 6) ZP - 6) (QR + $) -(P2 + Q 2 )  
G. STEP1 and STEP2 Error  Models 
W i t h i n  t h e  e q u a t i o n  of motion are many v a r i a b l e s  t h a t  are sub- 
j ec t  t o   s y s t e m a t i c   e r r o r .   T h e s e   e r r o r s   r e s u l t   f r o m   t h e   q u a n t i t i e s  
b e i n g  m e a s u r e d  ( e . g . ,  i n e r t i a l  a n g u l a r  rates a n d  a c c e l e r a t i o n s )  o r  
no t  be ing  known o r  mode led  p rec i se ly  ( e .g . ,  a tmosphe r i c  dens i ty ,  
winds,  mass, a e r o d y n a m i c   c o e f f i c i e n t s ) .  To a c c o u n t   f o r   t h e s e  sys- 
tematic e r r o r s ,  t h e  f o l l o w i n g  e r r o r  m o d e l s  are  i n c l u d e d  i n  STEP. 
The c o e f f i c i e n t s ,  Ci, c a n   e i t h e r   b e   s p e c i f i e d   w i t h   a b s o l u t e  
c e r t a i n t y ,  e s t i m a t e d  a l o n g  w i t h  t h e  s t a t e  v a r i a b l e s ,  o r  a n  u n c e r -  
t a i n t y  a s s i g n e d  t o  them t o  d e g r a d e  t h e  c o v a r i a n c e  m a t r i x  of s ta te  
e r r o r s .  
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The model 1 
i n  STEPl i s  





rl . .  
€ o r  c o r r e c t i n g  t h e  a p r i o r i  a e r o d y n a m i c  c o e f f i c i e n t s  
+[I+ f + 
L 
A p r i o r i  Bias S t e e r i n g  Mach 
a e r o   a n g l e  number 
c o e f f i c i e n t s   c o r r e c t i o n   c o r r e c t i o n  




c o r r e c t i o n  
The a p r i o r i  mass time h i s t o r y  mM u s e d  i n  STEPl can   be   co r rec t ed  
by a second   deg ree   po lynomia l   i n  time between  t imes t l  and t p  




'I = t - t l  and '12 = t p  - t l  
Th i s  mode l  pe rmi t s  t he  inc lus ion  o f  a b i a s  b y  e s t i m a t i n g  c16 
a l o n e  ( C l 7  a n d   C l 8   s p e c i f i e d   z e r o   w i t h   a b s o l u t e   c e r t a i n t y ) ,  
Care m u s t  b e  e x e r c i s e d  i n  s p e c i f y i n g  t h e  e r r o r  c o e f f i c i e n t s  t o  
b e   s t i m a t e d   a c r o s s  t l  b e c a u s e   t h e   c o e f f i c i e n t  c16 pe rmi t s  
a d i s c o n t i n u i t y ' i n  t h e  mass time h i s t o r y  a t  t l .  
The e r r o r  model on a t m o s p h e r i c  d e n s i t y  i n  STEP1 i s  
where pM (ho) c a n   b e   s p e c i f i e d  as a n  ARDC 1959 o r  U.'S. S tandard  
1962 a tmosphere .   Other   a tmospheres   can   be   inc luded   for  pM(ho) 
b y   s p e c i f y i n g   t h e i r   t e m p e r a t u r e ,   a l t i t u d e   p r o f i l e ,   a n d   s e a   l e v e l  
p re s su re .  
The e r ro r  mode l  on  a tmosphe r i c  w inds  in  STEP1 is 
where  uw  and vm are a p r i o r i  s p e c i f i e d  wind a i l t2 tude  pro- 
f i l e s .  
The e r ro r  mode l  on  the  cen te r  of gravity t o  a c c e l e r o m e t e r  d i s -  
tances xP' y P s  
z u s e d   t o   t r a n s f o r m   t h e   a c c e l e r a t i o n s   t o   a n d  
P 
f r o m  t h e  c e n t e r  o f  g r a v i t y  is  
61 
I 
The e r r o r  model f o r  i n e r t i a l  a n g u l a r  rates used i n  STEP1 and 
STEP2 is 
where 
- 2aXP  aZP 
a =  
"P r r) 9 
p X P L  + aZPL 
The a n i s o e l a s t i c   c o r r e c t i o n   a s s u m e s   t h e  l a t e ra l  a c c e l e r a t i o n  a 
small. YB 
The a n g u l a r   a c c e l e r a t i o n s  P, 6, and k i n   e q u a t i o n   ( 1 4 6 )  
are o b t a i n e d  b y  d i f f e r e n t i a t i n g  e q u a t i o n  (154) and 
' 5 3   ' 5 6  







a . - 
a 
. p .  
where - 
The time r a t e  o f   t h e   m e a s u r e d   i n e r t i a l   a n g u l a r  rates p,, qf, 
and $ are  c a l c u l a t e d  b y   n u m e r i c a l l y   d i f f e r e n c i n g   t h e   d i s c r e t e  
i n p u t  d a t a  p o i n t s .  
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En STEP1, t h e  a c c e l e r a t i o n s  a t  t h e  center of g r a v i t y  are cal- 
c u l a t e d  f r o m  t h e  a e r o d y n a m i c  f o r c e s  a c t i n g  o n  t h e  v e h i c l e .  T h e s e  
a c c e l e r a t i o n s  m u s t  b e  t r a n s f o r m e d  t o  t h e  i n e r t i a l  m e a s u r i n g  u n i t  
( g y r o s )   t o   p r o v i d e   t h e   a c c e l e r a t i o n s   i n   e q u a t i o n   ( 1 5 5 ) .  The t r a n s -  
fo rma t ion  is 
A s  e v i d e n t  i n  e q u a t i o n s  ( 1 5 4 ) ,  t h e  a c c e l e r a t i o n s  m u s t  b e  known t o  
c a l c u l a t e   t h e   i n e r t i a l   a n g u l a r  ra tes ,  However, i n   e q u a t i o n  (158) 
t h e  i n e r t i a l  a n g u l a r  rates must be known t o  c a l c u l a t e  t h e  a c c e l -  
e r a t i o n s .   T h u s ,   a n   i t e r a t i o n   l o o p   a r o u n d   e q u a t i o n s  ( 1 5 4 )  and 
(158) is  n e c e s s a r y   i n  STEP1. The a c c e l e r a t i o n   r a t e s   i n   e q u a t i o n  
(156)  follow, 
The e r r o r  m o d e l  f o r  
The time r a t e  of change 
t h e  a c c e l e r a t i o n s  i n  STEP2 is  
‘61 ‘62 ‘63 a c7 0 
‘64 ‘65 ‘ 6 1  E] + i.:] 
‘ 6 7  ‘68 ‘69 
o f  a c c e l e r a t i o n  r e q u i r e d  i n  e q u a t i o n  (156) 
and  (157) is o b t a i n e d - b y   d i f f e r e n t i a t i n g   e q u a t i o n  (159) y i e l d i n g  
The t i m e  rate of t h e   m e a s u r e d   a c c e l e r a t i o n  A,, Bn.1, and 
are o b t a i n e d  b y  n u m e r i c a l l y  d i f f e r e n c i n g  t h e  d i s c r e t e  i n p u t  
d a t a  p o i n t s .  
N o t e   t h a t  many o f   t he  C i ‘ s  € o r  i between 1 and 75 are un- 
used i n  t h e  e r r o r  m o d e l s .  T h i s  w a s  done t o  p r o v i d e  c o e f f i c i e n t s  
f o r  f u t u r e  a d d i t i o n  of terms t o  t h e  e r r o r  m o d e l s  f o r  s p e c i f i c  ap- 
p l i c a t i o n s ,  
6 3  
H. STEP Sta te   Var iab le   Dependency  
The dynamical model used i n  STEP c o n t a i n s  10 n o n l i n e a r  o r d i n a r y  
d i f f e r e n t i a l   e q u a t i o n s ,   e q u a t i o n   ( 1 2 7 )   t h r u   ( 1 2 9 ) .  However, o n l y  
n i n e  of t h e s e  e q u a t i o n s  are independent ,  a r equ i r emen t  on  the  dy- 
n a m i c a l   s y s t e m   u s e d   i n   t h e   f i l t e r   e q u a t i o n s ,   e q u a t i o n s  (53). The 
dependency arises i n  t h e  f o u r - p a r a m e t e r  s y s t e m  of Eu le r  pa rame te r s ,  
equa t ions  (129), t h a t   d e s c r i b e   t h e   v e h i c l e   a t t i t u d e .  The  Euler 
p a r a m e t e r s  m u s t  s a t i s f y  t h e  n o r m a l i t y  c o n s t r a i n t ,  e q u a t i o n  (801. 
There fo re ,  one  Eu le r  pa rame te r  can  be  ca l cu la t ed  f rom the  r ema in -  
i n g  t h r e e  by  means  of  equations (80) 
However, i t s  s ign  canno t  be  de t e rmined  
e q u a t i o n  i n v o l v e s  s q u a r e s  of t h e  E u l e r  
e n t i a l s  o f  e q u a t i o n  ( 1 6 1 )  y i e l d s  
6 e 3  = - - [ e o  6eo + el 
e 3  
b e c a u s e  t h e  c o n s t r a i n i n g  
parameters. T a k i n g   d i f f e r -  
which  shows t h a t  t h e  s i g n  a n d  m a g n i t u d e  of a p e r t u r b a t i o n  i n  e3 
can  be  de te rmined  f rom per turba t ions  i n  t h e  o t h e r  Euler parameters .  
Thus, STEP i n c l u d e s   o n l y   n i n e   o f   t h e  s ta te  v a r i a b l e s ,   u ,  ‘v, w, 
h,  c p s  8, eo’ e l ,  and e2 i n   t h e   r e c u r s i v e   f i l t e r r n g   d e s c r i b e d  
By equat ions   (53) .  The c o r r e c t i o n   i n  e3 is  c a l c u l a t e d   b y   e q u a t i o n  
(162) f rom  the minimum v a r i a n c e  c o r r e c t i o n s  c a l c u l a t e d  f o r  e 
e l ,  and e2 in   equa t ion   (53a ) .   Because   t he  s ta te  t r a n s i t i o n  
matrix d o e s  r e f l e c t  t h e  n o r m a l i t y  c o n s t r a i n t ,  a l l  10 s ta te  v a r i -  
a b l e s  are propagated between measurements and a 10-component s t a t e  
v e c t o r  i s  m a i n t a i n e d  i n  t h e  c o v a r i a n c e  a n d  c o r r e l a t i o n  matrices P, 
0, 
cuz and Cvz . I n  equa t ions   (53b)   t h ru   (53d) ,   fo r   upda t ing   and  
c o r r e l a t i o n  matrices, t h e   t e n t h  rows  (and  tenth  column for P be- 
cause  of  symmetry) are  c a l c u l a t e d  f r o m  t h e  f o l l o w i n g  e q u a t i o n s :  
cVZ 
= N C A V z  
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where P’, C’ , and C’ are the  9x9, 9xq, an<  9xr  sub- 
matrices t h a t  r e f l e c t  o n l y  t h e  n i n e  component s c a t e s  t h a t  were up- 
d a t e d   v i a   e q u a t i o n s  (53) * The t r a n s f o r m a t i o n  N i s  the   9x1  
m a t r i x  c o n t a i n i n g  e l e m e n t s  t h a t  are p a r t i a l  d e r i v a t i v e s  of e3, 
i n  e q u a t i o n  ( 1 6 1 ) .  w i t h  r e s p e c t  t o  t h e  n i n e  s t a t e  v e c t o r  compo- 
n e n t s  
vz  vz 
0 0 0 0 0 0--- 
-eo -e21 
L e3  e3 e3J 
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V. LINEARIZED EQUATIONS OF MOTION 
The  equa t ions  of mot ion  and  e r ro r  mode l s  desc r ibed  i n  S e c t i o n s  
1V.F and 1V.G c o n s t i t u t e  t h e  d y n a m i c  s y s t e m  d e s c r i b e d  b y  e q u a t i o n  
(41). The s ta te  v a r i a b l e s  X are u,. v, w ,  h ,  cp, 0 ,  eo ,   e l ,  
e2 ,  and e 3 .  The  model  parameters W and U are composed of 
t h e  e r r o r  c o e f f i c i e n t s  Ci , .  which are g o v e r n e d   b y   d i f f e r e n t i a l  
e q u a t i o n s   t h a t  s t a t e  t h a t  Ci = 0 ,  i . e . ,  t h e   e r r o r   c o e f f i c i e n t s  
are c o n s t a n t .   T h e   u s e r   c a n   s p e c i f y   w h e t h e r   t h e   e r r o r   c o e f f i c i e n t s  
are i n  W ( t o   b e   e s t i m a t e d ) ,   i n  U ( u n c e r t a i n   b u t   n o t   e s t i m a t e d ) ,  
o r  are known w i t h   a b s o l u t e   c e r t a i n t y .   B e c a u s e  a l l  c o e f f i c i e n t s  
c a n   p o t e n t i a l l y   b e   i n  Z o r  U ,  i t s i s  n e c e s s a r y   t h a t   p a r t i a l  
d e r i v a t i v e s   o f   t h e  s t a t e  v a r i a b l e s  X w i t h   r e s p e c t   t o  s t a t e  v a r i -  
a b l e s  a n d  e r r o r  c o e f f i c i e n t s  b e  known t o  form t h e  l i n e a r  d i f f e r -  
e n t i a l  e q u a t i o n s  t o  b e  i n t e g r a t e d  t o  o b t a i n  t h e  t r a n s i t i o n  matrices 
Cp and 8 i n   e q u a t i o n  ( 5 0 ) .  T h e s e   l i n e a r   d i f f e r e n t i a l   e q u a t i o n s  
c a n  b e  w r i t t e n  as f o l l o w s :  
. . . a i /ae  
3 . . .  . . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
a;l/aci 
The p a r t i a l   d e r i v a t i v e s   o f   t h e  s t a t e  v a r i a b l e s   r a t e s  u ,  v,  
w ,  h ,  ... e w i t h   r e s p e c t   t o   t h e  s t a t e  v a r i a b l e s  are o b t a i n e d  
by d i f f e r e n t i a t i n g  t h e  e q u a t i o n s  o f  m o t i o n ,  e q u a t i o n s  ( 1 2 7 )  t h r u  
(129). T h e s e   p a r t i a l   d e r i v a t i v e s  f o r  STEP1 and STEP2 f o l l o w ,  




A. STEP2 L i n e a r   E q u a t i o n   C o e f f i c i e n t s  
The c o e f f i c i e n t s  o f  t h e  l i n e a r  e q u a t i o n s  of m o t i o n  f o r  STEP2 
c o n s i s t i n g  of t h e  p a r t i a l  d e r i v a t i v e  o f  t h e  e q u a t i o n s  o f  m o t i o n  
w i t h  r e s p e c t  t o  s ta te  v a r i a b l e s  are p r e s e n t e d  i n  t a b l e  4 .  
The par t ia l  d e r i v a t i v e  of t he  equa t ions  o f  mot ion  wi th  r e spec t  






-el -e2  -e3 
e 0 -e e 3 2  
e e 3 0 -e 1 
-e e 2 1  e 0 
- a 
aci 
F o r   t h e   c e n t e r   o f   g r a v i t y   p a r a m e t e r s  C 3 1 ,  C 3 2 ,  and C 3 3  
- 
aaXB/aC31  aaYB/ac31 a a Z B / a C 3 1  
a aXB/a 3 2 aaYB/aC32  aaZB/aC32  







F o r   t h e   i n e r t i a l   a n g u l a r  rate parameters,  C36, C37, . . ., C60 
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For the acceleration parameters C b l ,   C G 2 ,  . . . C 7 5  
- bp - 2pyP) (9% + RzP ) 






. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
. . .  
- 
‘51 ‘54 ‘57 
‘52 ‘SS ‘ 5 8  
‘53 ‘56 ‘59, 
0 0  
‘ZM 0 0  
aXM 0 
O % M o  
aZM 
0 0  
O O %I 
0 0 a 
1 0  0 
0 1 0 .  
0 0  1 
0 0 0 
0 0 0 




and Lk]= aci 1: '51 2 ' 5 5  54 e l ]  
'50 '53 '56 aZP 
a'P 
w i t h  
aaZP 
+ aZP q) 
( a x p Z  + "ZP') 
3 / 2  
a i x p   a Z P  * a a x P  + azp 5) 
a P  (%P q- + aZP q" + aXP ac, 
- 
("XP 2 + %P2) 
(.x, +P + aZP AZP) q a rP
+ 
("XP 2 + %P2)  
Z a p  (aXP "P + aZP "P) (aXP 5q- a a x p a a Z P  
+ 
aZP q-) + 
( a x P 2  + a Z P 2 ) z  
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B. STEPl L inea r   Equa t ion   Coef f i c i en t s  
The p a r t i a l  d e r i v a t i v e s  of t h e  STEPl equat ions  of  mot ion  wi th  
r e s p e c t  t o  t h e  1 0  s t a t e  v a r i a b l e s  are t h e  same as t h o s e  f o r  STEP2 
p r e s e n t e d  i n  t a b l e  4 w i t h  t h e  a d d i t i o n  of t h e  terms in t a b l e  5. 
The p a r t i a l  d e r i v a t i v e s  of a and a are ob ta ined  %GB YG' ZG 
d i f f e r e n t i a t i n g  e q u a t i o n s  ( 1 3 2 )  y i e l d i n g  
5 = u, v, ", h, T, 9, eo, e l ,  e 2 9  e3 
Expanding terms i n  e q u a t i o n  ( 1 8 2 )  y i e l d s  t h e  f o l l o w i n g  n o n v a n i s h -  
i ng  terms: 
-e 0 -e3 e2 
e3  eo -e 1 




e 3  
e3  
-e2 
e e  e [.' -el 2 
e 3  eo  -e1 
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TABLE 5 . -  COEFFICIENTS IN  STEP1 LINEAR EQUATIONS  OF  MOTION (ax/&) 
U 
aayG 




















e3 I  
The p a r t i a l s   o f  VA, h o ,  a, and B are p r e s e n t e d   i n   S e c t i o n  
V I .  The p a r t i a l   d e r i v a t i v e s   o f  CA, Cy, and CN are c a l c u l a t e d  
n u m e r i c a l l y   b y   f o r m i n g   t h e   r a t i o   o f   r e s p o n s e s   i n  CA, 5, and 
cN 
w i t h   t h e   p e r t u r b a t i o n s   i n  VA, ho  , a, and B t h a t   c a u s e d  
them. When t h e   a e r o d y n a m i c   c o e f f i c i e n t s  CL, Cy, CD o r  CAI 
Cy , CN are s p e c i f i e d   t h e y  are t r a n s f o r m e d   t o  CA, Cy, CN 
v ia   equa t ions   (134) .   A l though  CA, Cy , CN may b e   s p e c i f i e d ,  
a and .B p e r t u r b a t i o n  are u s e d   t o   f o r m   t h e   p a r t i a l   d e r i v a t i v e s .  
The a n g l e s  rl and 5 are c a l c u l a t e d   f r o m  a and B as f o l l o w s :  
rl  rl 
rl 11 
s i n  rl = \Icos2 B s i n 2  a + s i n 2  B cos  rl = cos 0 cos a 
s i n  5 = - s i n  B s i n  rl 
cos B s i n  a 
s i n  rl 
(187) 
cos  5 = 
The p a r t i a l   d e r i v a t i v e s   o f  P ,  Q ,  and R w i t h   r e s p e c t   t o  
t h e  s ta te  v a r i a b l e s  a r e  
where 
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The p a r t i a l  d e r i v a t i v e s  of t h e  e q u a t i o n s  of motion with re- 
spect t o  t h e  e r r o r  c o e f f i c i e n t s  on t h e  a e r o d y n a m i c  c o e f f i c i e n t s ,  
mass, a tmospher ic  
a 
aci - 






u Ij = 
W 
winds,  C1 t h r u  C 3 0  
E] = [i] 
e -e -e -e 
r 
0 1 2 3 
el  
e3  e o  -el aci 2 e2 
eo -e3  e2 a 1 = -  
e 3  -e2 e1 eo 
” - 
The p a r t i a l   d e r i v a t i v e s   o f  P ,  Q, and R a r e :  
wi th  
P aXP ‘48 ‘51 ‘54 ‘57 
a ac, I] = 
aZP ‘50 ‘53 ‘56 
‘%P -‘49 ‘52 ‘55 ] .& 
- 
I 
a c c e l e r a t i  on pa r t i a l s  de t e rmined  f rom 
are : 
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Note t h a t  a n  i t e r a t i o n  l o o p  is n e c e s s a r y  t o  s o l v e  e q u a t i o n s  (192) 
and (193) .  The p a r t i a l   d e r i v a t i v e s   o f  axB, ayB, and aZB w i l l  
now b e   p r e s e n t e d   f o r   t h e   e r r o r   c o e f f i c i e n t s  C1 t h r u  C 3 0 .  
. .  
where CI and a o r  Q and [ are used  depending on whe the r   t he  
a e r o d y n a m i c   o e f f i c i e n t s  are s p e c i f i e d   i n  terms of  ct and f3 o r  




T = [E"' a :in '1 for I:] specified 
-sin a 0 cos a 
T =  
- 
1 0  0 
0 cos 5 -sin 5 ] for 
0 sin 5 cos 5 - 
4 1 specified 
17 
.cN 17 1 
For the e r r o r  coefficients  on m a s s ,  C,, thru C 1 8 ,  
where 
for t2 < t 
For the e r r o r  coefficients  on  atmospheric  density, cZ1, c Z 2 ,  and 
(196b) 
( 19 6c) 
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with 
c2 3h0 e 
(200) 













a ci - + s s .  m + 
w i t h  
pv,/ac,, aa ac27 as ac2J e k A / v A  aa/av ao/av] 
The p a r t i a l  d e r i v a t i v e s  o f  t h e  e q u a t i o n s  o f  m o t i o n  w i t h  re- 
s p e c t  t o  t h e  c e n t e r - o f - g r a v i t y  p o s i t i o n  a n d  i n e r t i a l  a n g u l a r  ra te  
e r r o r   c o e f f i c i e n t s  C31 t h r u  C 5 7  a r e  
\ 
F o r   t h e   c e n t e r - o f - g r a v i t y   e r r o r   C o e f f i c i e n t s ,  C g l  t h r u  C g 3  
L 
P '48  '51 '54 '57 '1 R 1 4 9  '52 '5 ," ] $ [ ]  
'50  '53 '56 - 
4? 
w i t h  - 
] = F Q :  R2) PQ + PR - i) -(P2 i- R2> QR -+ PR + 6 QR - P -(P2 + Q2) 
a n d   f o r   t h e   i n e r t i a l   a n g u l a r  rate e r r o r   c o e f f i c i e n t s ,  C36  t h r u  
1 
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PM 0 0 
QM 0 0 
RM 0 0 
0 PM 0 
O % t o  
0 0 PM 
0 ° %  
0 9, 0 
0 0 Q, 
1 0 0  
0 1 0  
0 0 1  
0 0  axP 
O axP O 
O O axP 
a 0 0  
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V I .  AUXILIARY TRANSFORMATIONS 
The v a r i a b l e s  u s e d  i n  t h e  e q u a t i o n s  o f  m o t i o n  are  n o t  t h e  
m o s t   c o n v e n i e n t   i n  terms o f   t h e   u s e r .   R a t h e r   t h a n   t h e   i n e r t i a l  
v e l o c i t y  a n d  p o s i t i o n  r e l a t i v e  t o  a s p h e r i c a l  p l a n e t ,  i t  i s  p r e f -  
e r a b l e  t o  u s e  t h e  v e l o c i t y  a n d  p o s i t i o n  r e l a t i v e  t o  a n  o b l a t e  r o -  
t a t i n g   p l a n e t .   V i s u a l t z i n g   t h e   v e h i c l e   a t t i t u d e   f r o m   t h e   E u l e r  
p a r a m e t e r s  a d d s  f u r t h e r  c o m p l i c a t i o n ,  e s p e c i a l l y  i n  t e r m s  o f  
s p e c i f y i n g   t h e   c o v a r i a n c e s   o f   t h e s e   c o r r e l a t e d   v a r i a b l e s .  Op- 
t i o n a l  c a p a b i l i t y  h a s ,  t h e r e f o r e ,  b e e n  i n c l u d e d  i n  STEP to   input :  
and  ou tpu t  t he  s t a t e  a n d  c o v a r i a n c e  m a t r i c e s  i n  more  convenient 
v a r i a b l e s  a s  shown i n  t a b l e  6 .  
TABLE 6 .  - INPUT/ OUTPUT  VARIABLES 








e l  
e 2  
e 3  
Option 1 Option 2 
Let: X b e   t h e   i n t e r n a l   v a r i a b l e s   i n  STEP ( i . e . ,  
h ,  cp, 8 ,  e o ,   e l , e2 ,   and   e3 ) ,   and   l e t  X’ b e  the   Opt ion  
1 o r   O p t i o n  2 v a r i a b l e s .   T h e n ,   t h e   i n p u t   t r a n s f o r m a t i o n   f o r   t h e  
s t a t e  v a r i a b l e s  i s  
X = h (X’) I (207a)  
8 2  
a n d  f o r  t h e  c o v a r i a n c e  a n d  c o r r e l a t i o n  m a t r i c e s  
P = N P’ NI T I 
cuz  = NI c;z 
c -  
V Z  - NI c;z 
where  the matrix MI i s  
The o u t p u t  t r a n s f o r m a t i o n s  a r e  
X ’  = ho ( X )  
P’ = N P No T 
0 
C ’  = No C u z  
uz 








where   t he   ma t r ix  No i s  
We w i l l  n e x t   p r o c e e d   t o   d e v e l o p   t h e   r e l a t i o n s h i p s   h I   a n d  
h o  a n d   t h e   t r a n s f o r m a t i o n   m a t r i c e s  NI and No f o r   t h e   v a r i a b l e s  
i n  t a b l e  6 .  
A .  Opt ion  1 Trans fo rma t ion  
When u s i n g  q u a t e r n i o n s  t o  t r a n s f o r m  f r o m  t h e  G-frame t o  t h e  
B-frame,  one  can w r i t e  t h r e e  q u a t e r n i o n s  r e p r e s e n t i n g  e a c h  o f  t h e  
E u l e r  a n g l e   r o t a t i o n s .  From e q u a t i o n s  (65)  and ( 7 8 ) ,  t h e  qua te r -  
n i o n   r e p r e s e n t i n g   t h e   r o t a t i o n  ii7 a b o u t   t h e  e a x i s   i n  a r i g h t -  
hand  sense i s  
ZG 
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because = r) = n/2, 5 = 0, and p = $. The r o t a t i o n   a b o u t   h e  
new y -ax i s ,   t h rough   t he   ang le  8 i s  
- 
F i n a l l y ,   r o t a t i n g   t h r o u g h  a n  a n g l e   a b o u t   t h e   x - a x i s   y i e l d s  
2 
M u l t i p l y i n g  t h e s e  q u a t e r n i o n s  t o g e t h e r  y i e l d s  t h e  c o m p l e t e  t r a n s -  
format ion  
which equals  
z- y- x- = eo + e l  i + e 2  j + e ,  k $ e 9  
Thus ,   equa t ions   (214)   and   (215)   re la te   the   Euler   parameters   to   the  
E u l e r  a n g l e s .  
Wr i t ing  the  Eu le r  ang le s  i n  terms of  a t r a n s f o r m a t i o n  m a t r i x  
between  the  G-frame  and  B-frame  yields 
r ( c o s  f cos  e )  - - 
84 
" 
E q u a t i n g  e l e m e n t s  i n  e q u a t i o n s  (79)  and (216), we o b t a i n  
- 
s i n  8 = -g13 - -2 (e1e3 - eoe2) - 7 
J 
R e f e r r i n g  t o  f i g u r e  2 a n d  u s i n g  t h e  a b o v e  r e l a t i o n s ,  we can  
w r i t e   t h e   i n p u t   a n d   o u t p u t   t r a n s f o r m a t i o n s  hI and ho a s  
fo l lows :  
- X h (X')  "I 
u = VA c o s  y c o s  hA - uw A 
v = V C O S  y s i n  hA + r R  c o s  cp - v 
A A P W 
w = -V s i n  y 
A A 
h = h o + R o - %  
o=cp 
e = e  
e 0 0 0 
el = ell - e l 2  - - c o s  * c o s  - s i n  - - s i n  ' s i n  - cos  - 2 2 2 2 2 2 
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yA = a r c s i n  (-wA/ 'A 
hA = a r c t a n  
P A /  
h = h - R  + %  
0 0 
0 = 0  
- 
c = a r c t a n  (g12/gll) = a r c t a n  [2  ( e l e z  + eoe3) / ( eo  + e l  
0 = a r c s i n  (g13) = - a r c s i n  [ 2  (e le3  - eoe2) l  
CQ = a rc t an  (g23 /g33)  = a r c t a n  [2 (eoel + e,e,)/(eg - e? - e$ + e$) 
2 * - e$ - e z )  
- 
- 
T a k i n g   p a r t i a l   d e r i v a t i v e s   o f  X w i t h   r e s p e c t   o  x' i n  
e q u a t i o n s  (218)  y i e l d s   t h e  NI t r a n s f o r m a t i o n   m a t r i x  i n  t a b l e  7 
where 
(219) 
Taking p a r t i a l  d e r i v a t i v e s   o f  X '  w i t h   r e s p e c t   o  X i n  
e q u a t i o n s  (219)  y i e l d s   t h e  No t r a n s f o r m a t i o n   m a t r i x   i n   t a b l e  8.  
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TABLE 7.- INPUT TRANSFORMATION FOR OPTION 1 VARIABLES, (auax-1 
V 
cos TA cos hA 
cos yA s i n  hA 









-V s i n  7 cos h A A  
-V s i n  7A s i n  hA A 
-v cos 7, A 
h 
-V cos yA s i n  hA A 





av" s2p cos cp - - 
ahO 













Rp cos (I 





































q q  
"



































B .  Op t ion  2 Trans fo rma t ion  
We w i l l  commence b y   r e l a t i n g   t h e   a n g l e s  (J, a, and B ,  t o  
t h e  E u l e r  p a r a m e t e r s  i n  a manner similar t o  t h e  E u l e r  a n g l e s  i n  
t h e   p r e v i o u s   S e c t i o n .  To a c c o m p l i s h   t h i s ,  w e  must s t a r t  a t  t h e  
G-frame a n d  r o t a t e  
2 and 4 ( a ) ] :  
Rota te   t h rough  
Ro ta t e   t h rough  
i t y   v e c t o r  
Ro ta t e   t h rough  
Ro ta t e   t h rough  
Rota te   th rough 
Combining a l l  f i v e  
t h r o u g h  t h e  f o l l o w i n g  f i v e  a n g l e s  [see f i g s .  
hA a b o u t   h e   z - a x i s  
YA 
abou t  t he  y -ax i s  ( ‘ a l igned  wi th  the  ve loc -  
Y A Y A Y = COS - + s i n  - j 
YA 2  2 
0 a b o u t   h e   x - a x i s  
X = c o s  - 4- s i n  - i 
0 2 2 
-B a b o u t   h e   z - a x i s  
0 0 
2 = c o s  - s i n  E k 
-B 2 2 
e2,  and e g r  w e  o b t a i n   t h e   a t t i t u d e   c o m p o n e n t s  of  hI p r e s e n t e d  
in   equat ions   (226)   th ru   (228)   be low.  
Expand ing  the  above  ang le s  in to  a s i n g l e  t r a n s f o r m a t i o n  m a t r i x  
a n d   e q u a t i n g   e l e m e n t s   t o  G i n   e q u a t i o n  ( 7 9 ) ,  w e  c a n   s o l v e   f o r  u. 
T h e   v a r i a b l e s  a and  can  be obtained  f rom  equat ions  (135)   and 
(136) .   Thus ,   the   Opt ion  2 non l inea r   i npu t   and   ou tpu t   t r ans fo rma-  
t i ons   h I   and   ho  a re  a s  fo l lows :  
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X h (X') - "I 
u = v cos y cos hA - u 
A A W 
v = V cos y s i n  hA + rRp cos cp - vw A A 
w = -v s in  y A  A 
h = h  + R  
0 0 - R E  
v = c p  
8 = 8  
eo = dobo - dlbl - d2b2 - d3b3 
el = dab1 + d l b o  + dzb, - d3b2 
e2 = dob, - dlb, -k d2bo -t d3bl  
e3 = dob, + d l b 2  - dzb, + d3bo 
where 
hA YA 
do = C O S  - 2 2 c o s  - 
YA 
d l  = - s i n  - s i n  - 2 2 
hA yA 
hA YA 
d2 = C O S  - 2 2 s i n  - 




bl = bll + b,, = s i n  - c o s  ' c o s  a + c o s  - s i n  ' s i n  a (J (J 2 2 2 2 2 1 .  (228) b, = b21 + b, = cos - cos  ' s i n  a + s i n  - s i n  E c o s  - (J (5 2 2 2 2 2 2 b, = b,l - b,, = s i n  - c o s  ' s i n  - - c o s  - s i n  ' c o s  - (J a (J a 2 2 2 2 2 2 
- X' WQ 
VA = + v; + w 2  11" = [(u + "w)2 + ( v - rap c o s  cp + v W 12 + w 2 1 1  
YA = a r c s i n  ( 4  VA)
hA = a r c t a n  i v A / u A )  
e = e  I 
B = a r c t a n  ( V B / d u g  " wg ) 
a = a r c t a n  J 
where 
I.1- U v - rap c o s  cp + v ] 
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Taking 
e q u a t i o n s  
i n  t a b l e  9 
p a r t i a l   d e r i v a t i v e s   o f  X w i t h   r e s p e c t   o  X'  i n  
(226)   t h ru   (228)   y i e lds   t he  NI t r a n s f o r m a t i o n   m a t r i x  
T a k i n g   p a r t i a l   d e r i v a t i v e s  of X'  w i t h   r e s p e c t   o  X i n  
equa t ions   (229)   and   (230)   and   a l so   (79 )   y i e lds   t he   ou tpu t   t r ans -  
fo rma t ion  No i n   t a b l e  10 where 
a1 = cos o s i n  p cos y A + s i n  o tan y A  D2 
a3 = cos o cos  f3 s i n  y A 
a nd 
D, = g23 + s i n  p s i n  y 
D2 = (g22 COS AA - g21 s i n  AA> cos yA 
A 
and 
hl = u eo + v  e, - we A A 2 
h, = uAe, + v e2 + w e g  A 
h, = uAe2 - vAel + weo 
h4 = uAe, - vAeo - wel 
N o t e  t h a t  i n  STEP2 no a tmospher ic  winds  a re  inc luded;  there-  
f o r e ,  VA i s  t h e   v e l o c i t y   r e l a t i v e   t o   t h e   p l a n e t   s u r f a c e .  Fo r  t h e  
n o n l i n e a r  s t a t e  o n l y  t h e  g e o d e t i c  l a t i t u d e  i s  inpu ted  and  ou tpu ted .  
The t r a n s f o r m a t i o n  f r o m  g e o c e n t r i c  t o  g e o d e t i c  l a t i t u d e  a n d  v i c e  
v e r s a  i s  
2 
t a n  cp = t a n  q+,/(?) 
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TABLE 9.- I N N T  TRANSFORHATIONS R)R OPTION 2 VARIABLES (ax/aX') 
'X' VR 7 h h i  'p 
I '  , u cos y A  cos hA -vA s i n  TA cos hA auw I 
! A  




-vA s in  y A  s i n  hA vA cos yA cos hA n p  cos 'p - 2 ~ -rnp s i n  9 + np cos 'p dR0 
ah0 













0 :  0 
0 
0 














TABLE IO. - o m ~ m  TRANSFORMATION FOR OPTION 2 VARIABLES (ax-fax)" 
a s h e ,  cosine,  and  tanRent  are  abbreviated  by S, C. and T. 
- " I
94 




1 a S i n e ,  cosine, a n d   t a n g e n t  are  a b b r e v i a t e d  S, C, a n d  T. 
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V I I .  MEASUREMENT EQUATIONS 
I n  a d d i t i o n  t o  t h e  d y n a m i c  m o d e l s  t h a t  d e s c r i b e  t h e  m o t i o n  of 
t h e  v e h i c l e ,  t h e  minimum v a r i a n c e ‘  f i l t e r  a l s o  r e q u i r e s  m e a s u r e m e n t  
mode l s  t ha t  ma themat i ca l ly  desc r ibe  the  measu remen t s  be ing  p roc -  
e s s e d .   I n   S e c t i o n  111, the  measurement  model i s  descr ibed   by  
equa t ion  (44), w h i c h  c o n s i s t s  of t h e  n o n l i n e a r  a l g e b r a i c  r e l a t i o n s  
t h a t  y i e l d  t h e  m e a s u r e m e n t  v a r i a b l e s  as f u n c t i o n s  o f  t h e  s ta te  and 
measu remen t   pa rame te r s .   Coe f f i c i en t s   o f   t he   l i nea r i zed   measu re -  
ment   equa t ions  G and H are shown i n   e q u a t i o n s  (51) t o   c o n t a i n  
p a r t i a l  d e r i v a t i v e s  o f  t h e  n o n l i n e a r  m e a s u r e m e n t  e q u a t i o n s  w i t h  
r e s p e c t  t o  t h e  s ta te  and measurement parameters.  
I n  t h i s  s e c t i o n ,  t h e  n o n l i n e a r  e q u a t i o n s  f o r  t h e  m e a s u r e m e n t s  
s o l v e d  i n  STEP are d e s c r i b e d  a l o n g  w i t h  t h e i r  p a r t i a l  d e r i v a t i v e s .  
No te  tha t  t he  measu remen t  equa t ions  of c o n c e r n  i n  t h i s  s e c t i o n  
are t h o s e  t h a t  are s a t i s f i e d  i n  a minimum v a r i a n c e  s e n s e  b y  STEP. 
The i n e r t i a l  a n g u l a r  rate measurements  (and accelerometer  measure-  
ments i n  STEP2) are s a t i s f i e d  e x a c t l y  by the dynamic models and, 
t h e r e f o r e ,  are d e s c r i b e d  i n  S e c t i o n  I V .  
A. Radar   Tracking (STEP1 and STEP2) 
1. Nonl inea r   equa t ions . -   Cons ide r  a t r a c k i n g  s i t e  l o c a t e d  on 
an o b l a t e  p l a n e t  t h a t  i n s t a n t a n e o u s l y  m e a s u r e s  t h e  p o s i t i o n  v e c t o r  
f rom  the s i t e  t o  a v e h i c l e .  The v e c t o r  i s  descr ibed   by  i ts  magni- 
tude  Rc , az imuth   angle  Ac, and e l e v a t i o n   a n g l e  Ec ,  as shown 
i n   f i g u r e  6. Knowing t h e   p o s i t i o n   o f   t h e   v e h i c l e   ( r ,  cp, e ) ,  
the p o s i t i o n  of t h e   t r a c k i n g  s i t e  (rT,  cpT, e T ) ,  we d e s i r e  t o  
de te rmine  R and E . c’ Ac’ C 
The  components of v e h i c l e  p o s i t i o n  i n  t h e  G-frame axes  sys tem 
are 0 ,   0 ,  -r. We wish   t o   t r ans fo rm  componen t s   t o  a g e o d e t i c a l l y  
o r i en ted  Car t e s i an  axes  (S - f r ame)  sys t em hav ing  o r ig in  a t  t h e  t r a c k -  
i n g  s i t e  and e e e d i r e c t e d  ver t ica l  ( t o  t h e   g o d e t i c  
h o r i z o n ) ,  east a n d   n o r t h ,   r e s p e c t i v e l y .  The t r a n s f o r m a t i o n   i n v o l v e s  
t h e  f o l l o w i n g  t r a n s l a t i o n s  a n d  r o t a t i o n s  
XS’ YS’ zs 
1 )   T r a n s l a t e   f r o m   v e h i c l e   t o   p l a n e t   c e n t e r ;  
2)   Rotate   hrough cp; 
3) Rota te   th rough 0 = 8 - €IT; 
96 
4) Rotate  hrough (pT; 
5 )  Trans la t e  from p l a n e t  c e n t e r  t o  t r a c k i n g  site; 
6) Rotate  through @ = TDT - cp t o  a l i g n  axes wi th  
geodt ic  horizon.  
F igure  6 . -  Radar  Tracking  Schematic 
Combining t h e s e  t r a n s l a t i o n s  and r o t a t i o n s ,  w e  ob ta in  the  com- 
ponen t s  o f  veh ic l e  pos i t i on  in  the  S-frame axes t o  b e  
COS o COS cp cos cp + s i n  cp s i n  cpDT 
s i n  0 cos cp 
]+ fT [ :!, r] (235) DT cos COS cp s i n  cpDT + s i n  CP COS 'PDT 
9 7  
where 
and 
From f i g u r e  6 ,  w e  see t h a t  
Rc = (x: + Ys 2 + . 2 y  S (238a) 
s i n  Ac = (yS/d") cos A C = (%/@?) (2385) 
s i n  E C = ( x s P c )  cos Ec = ( , / m / R c )  ( 2 3 8 ~ )  
The e r r o r  m o d e l  used i n  c o n j u n c t i o n  w i t h  t h e  t r a c k i n g  m e a s u r e -  
ment i s  
The r a t e  terms are ob ta ined  by d i f f e r e n t i a t i n g  e q u a t i o n s  (238)  
R = X j, + y  9 + z  
c ( s  s s s  s %)/% 
A = z j .  c ( s  s 
c = ( c  R H s "x s c  i ) , / R c p T  
9 8  
and 
STEP can  process  da ta  f rom up t o  f i v e  s t a t i o n  s i m u l t a n e o u s l y  
o r  s e p a r a t e l y .  The e r r o r   m o d e l   i n   e q u a t i o n  ( 2 3 9 )  r e p r e s e n t s  S t a -  
t i o n  1. I n   a d d i t i o n   t o   e s t i m a t i n g   t h e   c o e f f i c i e n t s  Ci i n  cqua- 
t i o n  (2391,  t h e   l o c a t i o n  of t h e   s t a t i o n  cpT, OT, and  hOT  can 
c a n   b e   e s t i m a t e d .  The e r r o r  c o e f f i c i e n t s  f o r  t h e  f i v e  s t a t i o n s  
are p r e s e n t e d  i n  t a b l e  11. The e r r o r  c o e f f i c i e n t s  u s e 6  i n  t h i s  
s e c t i o n  c o r r e s p o n d  t o  S t a t i o n  1; however ,  t he  equa t ions  app ly  to  
t h e  o t h e r  f o u r  s t a t i o n s  by merely replacing the numbers  of t h e  
'i t o  c o r r e s p o n d  t o  t h e  p r o p e r  s t a t i o n .  
TABLE 11.- RADAR TRACKING ERROR COEFFICIENTS 
S t a t i o n  




Rate g a i n  
I Bias 
I 




Rate g a i n  
E l e v a t i o n  
Gain 
Bias 
Rate g a i n  
R e f r a c t i o n  
L a t i t u d e ,  cpT 
Longi tude ,  
A l t i t u d e ,  





c 7 9  
c8 2 
c8 5 
c 7  7 
c8  0 
c 8  3 










c 9  1 
c 9  4 




c 9  5 
c 9  3 
c 9  9 
c101 
c96 
c 1 0 3  
c1 0 4  
c 1 0 5  
3 
c1 0 6  
( 4 0 9  
c 1 1 2  
c115 
c 1 0 7  
c 1 1 3  
c 1 0 8  
c114  
c1 1 6  
C l l O  
C l l l  
C118 
c 1 1 9  
c 1 2 0  
4 
c 1 2 1  
c124  
c 1 2 7  
c1 30 
c 1 2 2  
c 1 2 5  
c 1 2 8  
c 1 2 3  
c1 26 




cl  35  -
7 
5 
cl  36 
c1  42 
c1 45  
- 
c 1 3 9  
c 1 3 7  
c140 
c1 43 
c1  38 
c1  41 
c144  
c146 
c 1 4 8  
c1 49 
c1 5 0  -
___ .. ~ ~~ - . ~- * ~ ~~ - ~- - 
Sine  and  cos ine  are a b b r e v i a t e d  S and C. 
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2. C o e f f i c i e n t s  of ~ l i n e a r  e q u a t i o n s . -  The elements  of  
matrices G and H i n   e q u a t i o n  (51) are t h e  par t ia l  d e r i v a t i v e  




and EM w i t h   r e s p e c t   t o   t h e  s ta ie  and  measurement 
J 
o a ic /au  aAc/au aBc/au 
o aicc/av aic/av aic/av 
o a i c / &  aAc /aw  a i c / aw 
aRc /ah   aAc /ah   aEc /ah  akc/ah aAc/ah akc/ah 
aR acq aA acp a E  acp ai acp a i  acp a i c / a q  
a R c / a e   a A c k e   a E  a e  akc/ae a i c / a e  a B c / a e  
c/ c l  c/   /  c l  
c/ 
c 7 6  0 0 
0 C ?  7 0 
cos Ec 
-c85 sin2 Ec 0 ( C T B  - C& csc2 E( 
C 8 2  0 0 
0 C 8  3 0 
0 0 C 8 4  
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aic/au  ic/au  ic/au 
aic/av a i  av a ic /av  
a i c / a w  a i c / a w  a t c l a w  
aic/aa aic/ah aHc/ah 
a i c k p  a i c / a r p  aic/acp 






o a + / a  0 
0 0 a i /av 
-1 0 0 
o acj/ah + b/r ai/ah + i / r  
-rcp F / r  a i / a c p  + tan cp 6 
0 0 +/r + cot o i - 'tan cp i 
The par t ia l   der ivat ives  of q3, ihy and 34 with  respect 
are  
KC 
Ac 1 E 1 i 1  
csc E -- ctn E J 
C C - 
10 2 
P a r t i a l s   w i t h   r e s p e c t   t o   s t a t i o n   l o c a t i o n  C88,   c89 ,  and Cgg 
are 
[% AM 51 = 
a a cikc Ac Ec Rc Ac Ec ' 3  
where 
- 
c76 0 0  
0 c77 0 
cos Ec 
s i n 2  Ec 
0 c 7 8  - c 8 6  C S C 2  Ec 
c 8 2  0 0  
0 c 8 3  








-kc yS/cos E C 
-E z COS E 
' c  S I  c 
ax 
- rT s i n  CJ - - cos m) (- +) (- cos 0) 
ac88 
(-2) 0 










B. Accelerometers  (STEP1) 
1. Nonl inea r   equa t ions . -  The l i n e a r   a c c e l e r a t i o n s   a c t i n g  a t  
t h e  v e h i c l e  c e n t e r  o f  g r a v i t y  i n  t h e  body axes  d i rec t ions  are pre-  
s e n t e d   i n  e q u a t i o n  (134). Using C A Y  Cy, and CN because   the  
o the r   fo rms  of aerodynamic   input   can   be   t ransformed  to  CAS CyS 
and CN,  w e  have 
- 
a XB 
a Y B  
a ZB - 
-cA 
-cN 
T rans fo rming  these  equa t ions  to  t h e  l o c a t i o n  o f  t h e  i n e r t i a l  
measu r ing   un i t   ( acce le romete r s )  w e  ge t  equat ion  (158) ,  which  i s  
aXP - ( Q 2  + R 2 )  PQ - PR + 6 X P 
- (P2 + R2) QR - (25 7) 
a ZP PR - 0 OR + f ,  P 
These  acce le ra t ions  w i l l  n o t  a g r e e  w i t h  t h e  m e a s u r e d  a c c e l e r a t i o n s  
b e c a u s e  o f  i n s t r u m e n t  m i s a l i g n m e n t ,  b i a s e s ,  a n d  s c a l e - f a c t o r  e r r o r s .  
In  an  a t t empt  to  accoun t  fo r  t hese  anomol i e s ,  t he  e r ro r  mode l  o f  
equa t ion  (159) i s  used as fo l lows  
2. C o e f f i c i e n t s   o f   l i n e a r   e q u a t i o n s . -  The e lements  o f  t h e  
m a t r i c e s  G and H i n   e q u a t i o n s  (51) are t h e   p a r t i a l   d e r i v a t i v e s  
of am’ a y M Y  and aZM w i t h   r e s p e c t   t o   t h e  s t a t e  v a r i a b l e s   a n d  





+ Rz ) - (2Qxp - Pyp) - ( 2 k P  - P z p j  
P r p  1 
and 
The p a r t i a l s   o f  q and CAY Cy, and CN i n   e q u a t i o n   ( 2 6 1 )  are 
g i v e n   i n   e q u a t i o n s   ( 1 8 5 )   a n d   ( 1 8 6 ) ,   r e s p e c t i v e l y .  The p a r t i a l s  
of P ,  Q ,  and R are g i v e n   i n  e q u a t i o n   ( 1 8 8 ) .   I n s p e c t i o n   o f  
equa t ions   (260)   and   (188)   d i sc loses   t ha t  a [ P  , Q, R] / a <  are 
r e q u i r e d  t o  c a l c u l a t e  a [aXp , yp , aZp] /a  5 .  However , 
a[%,, 5,  aZp] / a <  are n e c e s s a r y   t o   d e t e r m i n e   a [ P ,  Q ,  R] / a < .  
Thus, an i t e ra t ive  p r o c e d u r e  m u s t  b e  u s e d  t o  s o l v e  e q u a t i o n s  
(260)  and  (188). 
The p a r t i a l   d e r i v a t i v e s  of aXBy ayB, and aZB w i t h   r e s p e c t  
t o  e r r o r   c o e f f i c i e n t s  C 1  t h r u  C27 are as g i v e n  i n  e q u a t i o n s  
( 1 9 5 )   t h r u   ( 2 0 2 ) .   P a r t i a l s  of a x p y  a y p y  and aZP w i t h   r e s p e c t  
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t o  c e n t e r - o f - g r a v i t y   e r r o r   c o e f f i . c i e n t s  C31 t h r u  C33 are g iven  
i n   e q u a t i o n  (205). P a r t i a l s   o f  “xp,  ayp, and aZP w i t h   r e s p e c t  
t o   i n e r t i a l   a n g u l a r  ra te  e r r o r   p a r a m e t e r s  c36 t h r u  C57 can   be  
c a l c u l a t e d   f r o m   e q u a t i o n   ( 2 6 0 )   w i t h   t h e   p a r t i a l s   o f  a 
and aZB be ing  ze ro ,  a n d   t h e   p a r t i a l s   o f  P ,  Q ,  and R are 
g iven  by  equat ion  (206) .  
XB’  %B’ 
The p a r t i a l   d e r i v a t i v e s   o f  aXM, 5, and a w i t h   r e s p e c t  
ZM 
t o   t h e   a c c e l e r a t i o n   e r r o r   c o e f f i c i e n t s  c61 t h r u  C72 can   be  











c61 c62  c63 
= a 1 6 4  c65  61 { 













The p a r t i a l   d e r i v a t i v e s  of c61 t h r u  c69 can   be   ob ta ined  as 
f o l l o w s :   D e n o t e   e l e m e n t s   o f   t h e   m a t r i x   a d j o i n t   t o   t h e   c o e f f i c i e n t  
m a t r i x  as fo l lows  
10 8 
"11 W 1 2  w 1 3  
"21 "22 " 2 3  
" 3 1   " 3 2   a 3 3  
Then t h e  d e t e r m i n a n t  of t h e  c o e f f i c i e n t  m a t r i x  is 
[ C I  = 
-1 
The p a r t i a l  d e r i v a t i v e s  of t h e  i n v e r s e  m a t r i x  r e q u i r e d  i n  




where j = 1, 2, o r  3 .  
The p a r t i a l   d e r i v a t i v e s   o f  C70,  C 7 1 ,  and C 7 2  i n   e q u a t i o n  (263) 
are 
l i f i = j  
a ci 0 i f  i #  j
C. Airborne  Radar 
Two t y p e s  o f  a i r b o r n e  r a d a r s  c a n  b e  p r o c e s s e d  i n  t h e  STEP. 
The first assumes t h e  r a d a r  t r a n s m i t s  a n  o m n i d i r e c t i o n a l  s i g n a l .  
The f i r s t  r e t u r n  f r o m  t h e  p l a n e t  s u r f a c e  y i e l d s  t h e  s h o r t e s t  d i s -  
tance f r o m  t h e  v e h i c l e  t o  t h e  s u r f a c e  a n d ,  h e n c e ,  i s  a measure of 
a l t i t u d e .  Such a l t i t u d e   m e a s u r e m e n t s   c a n   b e   p r o c e s s e d  as d e s c r i b e d  
i n  S e c t i o n  D ,  which follows. 
1. Nonl inear   equa t ions . -  The s e c o n d   t y p e   o f   a i r b o r n e   r a d a r ,  
and  the  type  conce rned  he re in ,  a s sumes  tha t  a r a d a r  is  o r i e n t e d  
by a p i t c h   a n g l e  €ip and yaw a n g l e  hY w i t h   r e s p e c t   t o   t h e  body 
axes (see f i g .  7) .  I t  is f u r t h e r  assumed t h a t   t h e   r a d a r  measures 
t h e  s l a n t  d i s t a n c e  , RR, a long  i t s  a x i s   t o   t h e   p l a n e t   s u r f a c e .  
Th i s   d i s t ance   depends  on t h e   r a d a r   o r i e n t a t i o n ,  €iP and h Y ,  t h e  
v e h i c l e   a l t i t u d e ,   l a t i t u d e ,   a n d   o r i e n t a t i o n .  To c a l c u l a t e   t h i s  
s l a n t   r a n g e   t h e   a z i m u t h   a n d   p i t c h   a n g l e s  X R  and yR i n   f i g u r e  





F i g u r e  7 .- Airborne Radar Schematic 
Resolving  components of i n t o   t h e  b o d y   a x i s   y i e l d s  
.'I] m where 
n B 
'B mBi - n B I s i n  6y _j cos 6 p  cos 6 cos  6p  s i n  
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Transforming these components t o  t h e  G-frame y i e l d s  
n 
G 
The ang le s  ’R and YR are, t h e r e f o r e ,  
-1 -n 
yR = tan (4-) G 
N o t e   t h a t  % need   no t   be  known t o   p e r f o r m   t h e   a b o v e   c a l c u l a t i o n s  
because  i t  cance l s  i n  the  numera to r  and  denomina to r  of equa t ions  
(2 71) . 
The p o s i t i o n  v e c t o r  f r o m  t h e  p l a n e t  c e n t e r  t o  t h e  v e h . i c l e ,  
r ,  e q u a l s   t h e   s l a n t   r a n g e   v e c t o r  RR p l u s   t h e   p l a n e t   r a d i u s  
v e c t o r  
r = + RoI 
Resolv ing   equat ion   (272)   in to  is sca la r   components   a long   the  
e e and e a x e s   i n   f i g u r e  7 ,  w e  c a n   s o l v e   t h e   r e s u l t i n g  
e q u a t i o n s   f o r   t h e  slant range  s, t h e   l o n g i t u d e   s e p a r a t i o n  
or = 0 - and l a t i t u d e  a t  t h e   i n t e r s e c t i o n  of t h e   p l a n e t   s u r -  
f a c e  a n d  t h e  s l a n t  r a n g e  v e c t o r  cp 







a1 = s i n  X cos y 
a2 = r cos cp 
R R 
a3 = cos cp s i n  y - s i n  cp cos X R  COS y 
a4 = r s i n  cp 
R R 
a5 = s i n  cp s i n  y R + cos cp cos  XR cos y R 
The i n c i d e n t  beam i n t e r s e c t s  the s u r f a c e  a t  an angle y 
I 
above t h e  local horizon and  an  azimuth A I  where 
where 
R, 
Equat ions  ( 2 7 4 ) ,  (275),  (278), and (279)  a re  n o t   s o l v e d   i n  STEP 
bu t  are  p r e s e n t e d  a b o v e  f o r  c o m p l e t e n e s s  a n d  u s e  i n  f u t u r e  de-  
velopment.  
2. C o e f f i c i e n t s  of l inear  equa t ions . -  .. . The p a r t i a l   d e r i v a t i v e s  




- s i n  x R  sin yR a y  /aeo + cos A R  COS yR aXR/ae 
- sin x R  sin yR ayR/ael + COS x R  COS yR aXR/ael 
- sin h R  s i n  y R   a y R / a e 2  + cos xR COS yR aXR/ae2 







(COS cp COS y + sin COS x R  s i n  y R )  ay /aeo + a1 s i n  cp a x R / a e o  
(COS cp COS y + s i n  cp cos x R  s i n  y R >  ayR/ael + a 1  s i n  cp aXR/3el 
(COS cp COS y + s i n  cp cos x R  s i n  yR)  ayR/ae2 + a 1  s i n  cp a x R / a e 2  




R R - 
(283b) 
( 2 8 3 ~ )  
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s i n  q~ 













(sin cp cos yR - cos cp cos x R  sin yR) aYR/aeo  - a1 COS cpaXR/aeo 
sin cp cos y R 
R 
- cos cp cos A R  sin yR) a Y R / a e l  - a1 COS cp aXR/ael 
cp cos y - cos cp cos X R  sin yR)  ayR/ae2 - a1 COS rp aXR/ae2 






1 "G ] 
-=: 
(IlG2 + "G2) 
['G 2 - "G as 





D. P o s i t i o n   a n d   V e l o c i t y  
O c c a s i o n a l l y ,  d a t a  become a v a i l a b l e  d u r i n g  p o s t f l i g h t  a n a l y s e s  
t h a t  do n o t  f a l l  i n t o  t h e  p r e v i o u s  c a t e g o r i e s  d i s c u s s e d ,  i.e. 
t r a c k i n g ,   a i r b o r n e   r a d a r ,   a c c e l e r o m e t e r .  Yet, t h e s e   a d d i t i o n a l  
d a t a  c o u l d  y i e l d  u s e f u l  i n f o r m a t i o n  t o  t h e  f i l t e r i n g  p r o c e s s .  
Examples  inc lude  burnout  condi t ions  of a s a t e l l i t e  b o o s t e r  as 
later d e t e r m i n e d  f r o m  e s t i m a t i n g  t h e  o r b i t  of t h e  s a t e l l i t e ;  and 
d i s c r e t e  e v e n t s  t h a t  o c c u r  a t  p r e s p e c i f i e d  a l t i t u d e s  ( t r i g g e r e d  
by b a r o m e t r i c   d e v i c e s ) .   F r e q u e n t l y ,   t h e s e   a d d i t i o n a l   d a t a   c a n   b e  
t r a n s f o r m e d   t o   p o s i t i o n   a n d / o r   v e l o c i t y .   T h e r e f o r e ,   c a p a b i l i t y  
t o  p r o c e s s  p o s i t i o n  a n d  v e l o c i t y  d a t a  h a s  b e e n  i n c l u d e d  i n  STEP. 
Data m u s t  b e  s p e c i f i e d  i n  terms of the program s ta te  v a r i a b l e s  
u ,   v ,  w, h ,  cp, 0 .  Because  of  the  one-to-one  correspondence 
be tween  the  da t a  and  the  s ta te  v a r i a b l e s ,  t h e  n o n l i n e a r  m e a s u r e -  
ment e q u a t i o n ,  e q u a t i o n  (2), is t r i v i a l  a n d  t h e  c o e f f i c i e n t  m a t r i x  
G i n   t h e   l i n e a r   e q u a t i o n s ,   e q u a t i o n s  ( 4 ) ,  is i d e n t i t y .  
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V I 1 1  . NUMERICAL  PROCEDURES 
Numer ica l  p rocedures  used  in  STEP f o r  i n t e g r a t i n g  d i f f e r e n t i a l  
e q u a t i o n s ,  i n v e r t i n g  m a t r i c e s ,  i t e r a t i n g ,  a n d  i n t e r p o l a t i n g  w i l l  
now be reviewed.  
A.  Numer ica l   In t eg ra t ion  
The n o n l i n e a r  as w e l l  as t h e  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  
w i t h i n  STEP a r e  i n t e g r a t e d  u s i n g  t h e  f o l l o w i n g  f o u r t h - o r d e r  Runge 
K u t t a  f o r m u l a .   ( r e f .  2 4 ) .  
ko = hf  [ti, zi] 
k, = hf t + - h ,  z + -  k ] 1 1 
[ i  2 i 2 0  
h ,   z i  + 7 1 kl] 
where h i s  the   comput ing   i n t e rva l ,   wh ich   r ema ins   f i xed .  Nor- 
m a l l y   t h e   c o m p u t i n g   i n t e r v a l  i s  s p e c i f i e d  t o  b e  t w i c e  t h e  i n t e r -  
v a l  of t h e  i n e r t i a l  a n g u l a r  r a t e  d a t a  s o  t h a t  a l l  d a t a  a r e  i n -  
v o l v e d  i n  t h e  i n t e g r a t i o n .  
B.  Ma t r ix   Inve r s ion  
The p r o c e d u r e   u s e d   t o   i n v e r t   t h e   m a t r i x  J i n   e q u a t i o n  (53e) 
i s  the   Gauss - Jo rdan   Reduc t ion   ( r e f .  24) .  I n   t h i s   p r o c e d u r e ,  
the  m a t r i x  t o  b e  i n v e r t e d  i s  augmented  by t h e  i d e n t i t y  matrix. 
The  elements  of  each row are then  ope ra t ed  on b y  r e p l a c i n g  t h e i r  
e l emen t s  by  l i nea r  combina t ions  of t h e i r  row e l emen t s  w i th  o the r  
row e l e m e n t s  u n t i l  t h e  m a t r i x  t o  b e  i n v e r t e d  i s  d iagonal  and  nor -  
mal. The  augmented  matrix i s  t h e n   t h e   i n v e r s e   s o u g h t .  
The m a t r i x  i n v e r s i o n  i n v o l v e d  i n  e q u a t i o n s  ( 2 6 6 ) ,  w h e r e i n  t h e  
i n v e r s e  e q u a l s  t h e  a d j o i n t  matr ix  d i v i d e d  by the  de t e rminen t  i s  
p r e s e n t e d  i n  r e f e r e n c e  25 .  
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C. Interpolation 
Simple  linear  interpolation  is  used  throughout STEP. 
D. Iteration 
For  solving  the  iteration  problems  involved in STEP1, [equa- 
tions (154)  thru (158)], a successive  substitution  method  de- 
scribed  in  reference 24 is used. 
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I X .  PROGRAM APPLICATIONS AND USE 
The p rev ious  sec t ions  have  p resen ted  the  ma themat i ca l  con-  
c e p t s   a n d   e q u a t i o n s   i n  STEP. I n  t h i s  s e c t i o n ,  we w i l l  be  con- 
c e r n e d  w i t h  how the programs are used and the types of  problems 
t h a t  c a n  b e  s o l v e d .  
A .  Opera t ing  Modes 
STEP h a s  t h r e e  modes  of o p e r a t i o n  -- d e t e r m i n i s t i c ,  e r r o r  
a n a l y s i s ,   a n d   f i l t e r i n g   a n d   s m o o t h i n g .  The o p e r a t i n g  mode on 
any  problem i s  s p e c i f i e d  by i n p u t .  A descr ip t ion   of   each   of   these  
modes fo l lows .  
1. D e t e r m i n i s t i c  mode.-  Under t h i s   o p e r a t i n g  mode, on ly   t he  
n o n l i n e a r  e q u a t i o n s  o f  m o t i o n  a r e  i n t e g r a t e d  f r o m  i n i t i a l  t o  f i -  
n a l   t i m e .  No s t a t e  t r a n s i t i o n  m a t r i x ,  cova r i ance   ma t r ix ,   no r  
minimum v a r i a n c e   c l a c u l a t i o n s   o c c u r .  No measurement  data  pro- 
c e s s i n g   o c c u r s .  The i n e r t i a l   a n g u l a r  ra tes  ( a n d   a c c e l e r a t i o n   f o r  
STEP2) a r e  s t i l l  r e q u i r e d  t o  i n t e g r a t e  t h e  e q u a t i o n s  of  motion. 
The e r r o r  m o d e l s  a r e  i n c l u d e d  i n  t h e  c o m p u t a t i o n  w i t h  t h e  e r r o r  
c o e f f i c i e n t s   s p e c i f i e d  by i n p u t .   T h i s  mode of o p e r a t i o n  i s  u s e -  
f u l  i n  p r e f l i g h t  s i m u l a t i o n s  t o  d e t e r m i n e  t h e  s e n s i t i v i t i e s  of 
t h e  STEP1 and STEP2 m o d e l s  i n i t i a l  c o n d i t i o n s  a n d  model  parame- 
t e rs .  Monte Car lo - type   s tud ie s   can   be   conduc ted   u s ing   t h i s  mode. 
It i s  a l s o  u s e f u l  i n  p o s t f l i g h t  a n l y s i s  s t u d i e s  t o  d e t e r m i n i s t i -  
c a l l y  r e c o n s t r u c t  t r a j e c t o r i e s  by i n t e g r a t i n g  t h e  i n e r t i a l  a n g u -  
l a r  r a t e  and  acce le romete r  da t a  on  STEP2, o r  i n t e g r a t i n g  t h e  i n -  
e r t i a l  a n g u l a r  ra tes  in  combina t ion  wi th  spec i f i ed  ae rodynamic  
f o r c e   c o e f f i c i e n t s ,   a t m o s p h e r i c   d e n i s t y ,   a n d  mass on  STEP1. 
2 .   E r r o r   a n a l y s i s   m o d e . -   I n   t h i s   o p e r a t i n g  mode, the   equa-  
t i o n s  of motion are i n t e g r a t e d ,  a s t a t e  t r a n s i t i o n  m a t r i x  c a l c u -  
l a t e d ,  a n d  t h e  minimum va r i ance  equa t ions  so lved  wi th  the  excep-  
t i o n   o f   e q u a t i o n  (53a), t h e   s t a t e   u p d a t e   e q u a t i o n .   T h e r e f o r e ,  
t h e  i n i t i a l l y  s p e c i f i e d  r e f e r e n c e  t r a j e c t o r y  n e v e r  c h a n g e s  a n d  
i s  c o n s i d e r e d   t o   b e   t h e   b e s t   e s t i m a t e .  The cova r i ance   and   co r re -  
l a t i o n   m a t r i c e s  P, and C h o w e v e r ,   a e   d i s c o n t i n u o u s l y  
updated by  means  of t h e  o p t i m a l  l i n e a r  g a i n  as  the  p rocess ing  p ro -  
c e e d s  a n d  r e f l e c t s  t h e  u n c e r t a i n t i e s  i n  s t a t e  a n d  model  parameter 
e r r o r s .   T h u s ,   t h e   u n c e r t a i n t i e s   i n  s t a t e  and  model parameters 
are determined as f u n c t i o n s  of t h e  u n c e r t a i n t i e s  i n  t h e  i n i t i a l  
conditions,   dynamic  model  and  measurement  equation parameters, 
measurement   ype ,   and   t ra jec tory   geometery .   Note   tha t   because  
c U Z ,  VZ’  
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equat ion  (53a)  i s  no t   so lved ,   no   measu remen t   da t a   (o the r   t han  
t h o s e  r e q u i r e d  t o  i n t e g r a t e  t h e  e q u a t i o n s  o f  m o t i o n )  are  r e q u i r e d .  
O n l y  t h e  m e a s u r e m e n t  d a t a  s t a t i s t i c s  are n e e d e d  i n  e q u a t i o n  (53f). 
T h i s  mode i s  u s e f u l  i n  p r e f l i g h t  s t u d i e s  t o  i n v e s t i g a t e  t h e  e f -  
f e c t s  o f  t r a j e c t o r y  a c c u r a c y  a n d  s h a p e ,  d a t a  a c c u r a c y  a n d  ra te ,  
e r r o r  model coe f f i c i en t s ,  and  types  o f .  measu remen t s  on t h e  a c c u -  
r acy  o f  s t a t e  and  mode l  parametrs t o  be  es t imated  l a t e r  d u r i n g  
p o s t f l i g h t   s t u d i e s .   I n v e s t i g a t i o n s   o f   t h i s   t y p e   a r e   r e p o r t e d   i n  
r e f e r e n c e s  26 t h r u  31. 
3 .  F i l t e r i n g   a n d   s m o o t h i n g  mode.- I n   t h e   f i l t e r i n g   a n d   s m o o t h -  
i n g  mode o f  o p e r a t i o n ,  t h e  e q u a t i o n s  o f  m o t i o n  a r e  i n t e g r a t e d ,  t h e  
s t a t e  t r a n s i t i o n  m a t r i x  c a l c u l a t e d ,  a n d  t h e  minimum va r i ance  equa -  
t i o n s  are  so lved .   Th i s  mode i s  o n l y   u s e f u l   i n   p o s t f l i g h t   a n a l y -  
s i s  s t u d i e s  t o  estimate s t a t e  and  mode l  pa rame te r s  f rom f l igh t  da t a .  
Th i s  mode i s  d e s c r i b e d  i n  S e c t i o n  I I I . E ,  Computat ional   Procedures .  
S e v e r a l  o p t i o n s  are a v a i l a b l e  i n  t h i s  mode. 
Upda ted   o r   nonupda ted   r e fe rence :   Th i s   op t ion ,   d i scussed  
i n  S e c t i o n  I I I . E ,  conce rns  upda t ing  o r  no t  upda t ing  the  r e fe rence  
t r a j e c t o r y  a b o u t  w h i c h  t h e  e q u a t i o n s  a r e  l i n e a r i z e d  a n d  t h e  d i f -  
f e r e n t i a l   c o r r e c t i o n s   a r e  made. I f  i n i t i a l  estimates of t h e  strate 
v a r i a b l e s  a r e  n o t  a c c u r a t e l y  known a n d / o r  t h e  s i g n a l - t o - n o i s e  ra- 
t i on   o f   t he   measu remen t   da t a  i s  l a r g e ,  t h e  u p d a t e d  r e f e r e n c e  o p -  
t i o n   s h o u l d  be   used .   Otherwise ,   the   nonupdated   re ference   op t ion  i s  
used.  When o p e r a t i n g   w i t h  a n o n u p d a t e d   r e f e r e n c e ,   l a r g e   e r r o r s  
i n  t h e  i n i t i a l  c o n d i t i o n s  s p e c i f i e d  f o r  t h e  s t a t e  v a r i a b l e s  c a n  
c a u s e  t h e  r e f e r e n c e  t r a j e c t o r y  t o  d i v e r g e  f r o m  t h e  a c t u a l  t r a j e c -  
t o r y .   T h i s   d i v e r g e n c e   c a u s e s   g r o s s   v i o l a t i o n s  of t h e   l i n e a r i t y  
a s sumpt ion   unde r ly ing   t he  minimum v a r i a n c e   f i l t e r i n g   t h e o r y .  Nor- 
m a l l y ,  t h e  u p d a t e d  r e f e r e n c e  o p t i o n  i s  u s e d  o n  t h e  f i r s t  c o u p l e  
i t e r a t i o n s  t o  o b t a i n  r e a s o n a b l y  a c c u r a t e  i n t i a l  c o n d i t i o n s  f o r  a 
r e f e r e n c e   s o l u t i o n .  The  program i s  then   swi tched   to   the   nonupda-  
t e d  r e f e r e n c e  o p t i o n  f o r  r e m a i n i n g  i t e r a t i o n s .  
P r o c e s s i n g   d a t a   v e c t o r s  o r  scalars: In   equa t ions   (53e ) ,  
t h e   m a t r i x  J m u s t  b e   i n v e r t e d .   I n v e r s i o n  of l a r g e   m a t r i c e s  on 
d i g i t a l  c o m p u t e r s ,  e s p e c i a l l y  when t h e y  are  no t  wel l  c o n d i t i o n e d ,  
h a s   h i s t o r i c a l l y   b e e n  a s o u r c e   o f   d i f f i c u l t y .   T h e r e f o r e ,   i n   t h e  
o r i g i n a l  STEP, a l l  measurement   vec tors   were   b roken   in to   the i r  
s c a l a r  components   and   these   were   p rocessed   separa te ly .   Thus ,  J 
was n e v e r   l a r g e r   t h a n  a 1 x 1 m a t r i x ,   o r  a s c a l a r .  When p r o c e s s i n g  
scalars  a t  t h e  same time, t h e  s t a t e  t r a n s i t i o n  m a t r i x  i s  se t  t o  
t h e  i d e n t i t y  m a t r i x  a f t e r  t h e  f i r s t  s c a l a r  d a t a  p o i n t  i s  p roces -  
s e d .   S c a l a r   p r o c e s s i n g   h a s   t h e   d i s a d v a n t a g e  of r e q u i r i n g  more 
c o m p u t a t i o n  a n d  e l i m i n a t e s  t h e  a b i l i t y  t o  a c c o u n t  f o r  c o r r e l a t i o n  
be tween  the   measurement   vec tor   components .   Therefore ,   op t iona l  
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c a p a b i l i t y  h a s  b e e n  a d d e d  t o  p e r m i t  p rocess ing  o f  up t o  t h r e e  
component  vectors as v e c t o r s .   T h i s   r e q u i r e s   t h e   i n v e r s i o n   o f  up 
t o  a 3 x 3 matrix J, but   reduces   the   computa t iona l   oad   and  
a l lows  fo r  t he  inc lus ion  o f  co r re l a t ion  be tween  measu remen t  vec -  
t o r  components i n  t h e  f u t u r e .  Measuremen t   da t a   t r i p l e s   cons id -  
e r e d   i n   t h e   p r o g r a m s  are (R,A,E) i n  STEP1 and STEP2, and am, 
a a (u,v,w),  and(h, cp, 8) i n  STEP1. Y" ZM ' 
c. S e l e c t i o n   o f   e r r o r   c o e f f i c i e n t s :  The s p e c i f i c  model  para- 
meters, Ci ,  t o   b e   e s t i m a t e d   i n   a n y   p r o b l e m  are s p e c i f i e d  by t h e  
program  input .   The  more  parameters   being  es t imated,   the   longer  
the  computa t ion  time because  of  the  increased  number  of  d i f fe ren-  
t i a l  e q u a t i o n s  t h a t  m u s t  b e  i n t e g r a t e d  t o  d e t e r m i n e  t h e  s t a t e  
t r a n s i t i o n  m a t r i x .  F o r  e x a m p l e ,  when e s t i m a t i n g  o n l y  t h e  1 0  s t a t e  
vec to r   componen t s ,   t he  10 n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  p l u s  
10 i n d e p e n d e n t  s o l u t i o n s  o f  t h e  10 equa t ions   sys t em  o f   l i nea r  
d i f f e r e n t i a l  e q u a t i o n s  m u s t  b e  i n t e g r a t e d ,  f o r  a t o t a l  of 110 
e q u a t i o n s .   F o r t u n a t e l y ,   t h e   c o e f f i c i e n t s  of t h e   l i n e a r   d i f f e r e n -  
t i a l  e q u a t i o n s  are  i d e n t i c a l   f o r  a l l  10 s o l u t i o n s .   I f   t h e  s t a t e  
v e c t o r  i s  expanded to  i n c l u d e  f i v e  model parameters, t h e  10 non- 
l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  p l u s  15 independen t s   so lu t ions   o f  
t h e  1 0 - e q u a t i o n  s y s t e m  o f  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  m u s t  b e  
i n t e g r a t e d ,  y i e l d i n g  a t o t a l  of 160 e q u a t i o n s .  
Expe r i ence  has  shown t h a t  t h e  m o s t  e f f i c i e n t  means  of s o l v -  
i n g  p o s t f l i g h t  e s t i m a t i o n  p r o b l e m s  i s  t o  commence i t e r a t i n g  i n  
the   upda ted   r e fe rence   op t ion   w i th   f ew,   i f   any ,   mode l  parameters 
b e i n g   e s t i m a t e d .   A f t e r   o n e   o r  two i t e r a t i o n s ,  a " c l o s e "   r e f e r -  
e n c e  t r a j e c t o r y  i s  o b t a i n e d  s o  the  program i s  s w i t c h e d  t o  t h e  
nonupda ted  r e fe rence  op t ion  and  the  number  of  model  parameters 
be ing   e s t ima ted   i nc reased  as t h e   i t e r a t i o n s   p r o c e e d .   T h i s  as- 
s u r e s  t h a t  when the  dynamic  model i s  most  complex, l i n e a r i t y  w i l l  
be  observed. 
d .  Smooth ing:   The   procedure   for   smooth ing   the   bes t  estimate 
was d e s c r i b e d   i n   S e c t i o n  1 I I . E .  It amounts t o   t h e   f o l l o w i n g :  
A f t e r  c h r o n o l o g i c a l l y  f i l t e r i n g  t h e  m e a s u r e m e n t  d a t a  f r o m  i n i t i a l  
time t o  f i n a l  time, a b e s t - e s t i m a t e  of the  expanded s t a t e  v e c t o r  
a t  f i n a l  time, based   on   p rocess ing  a l l  d a t a ,  i s  ob ta ined .   Th i s  
estimate y ie lds  no  knowledge  of  what  the  bes t  estimate o f  t he  
s t a t e  i s  b e f o r e  f i n a l  t i m e  c o n s i d e r i n g  t h e  i n f o r m a t i o n  o b t a i n e d  
from a l l  d a t a .  The  smoothing  opt ion is i n c l u d e d   t o   i n t e g r a t e   t h e  
f i n a l  s t a t e  estimate and i t s  cova r i ance  ma t r ix  backward  in  time 
f r o m   f i n a l  time t o  i n i t i a l  time. T h i s   y i e l d s  ;(t I t f )  the  best  
estimate of t h e  s t a t e  a t  any  time (between i n i t i a l  and f i n a l  time) 
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based   on   p rocess ing  a l l  da ta .   Dur ing   the   backward   smooth ing   the  
unweighted and weighted residuals  between the measurement  data  
and i t s  b e s t  estimate c a n  b e  c a l c u l a t e d  as wel l  as a c c u m u l a t e d  t o  
fo rm the  sum o f  t h e  s q u a r e s  o f  t h e  w e i g h t e d  r e s i d u a l s .  
e .  A p r i o r i   n f o r m a t i o n :   D i f f i c u l t y  i s  f r e q u e n t l y   e x p e r i e n c e d  
when a s s i g n i n g  v a r i a n c e s  t o  t h e  i n i t i a l  e s t i m a t e d  v a l u e s  s p e c i -  
f i e d  f o r  t h e  s t a t e  and  model parameters ( r e f s .  32  and  33). One 
should  be aware of t h e  f a c t  t h a t  a n y  f i n i t e  v a r i a n c e  a s s i g n e d  t o  
t h e s e  e s t i m a t e d  v a r i a b l e s  i m p l i e s  some knowledge   of   the   cer ta in ty  
of t h e  estimate. I f   a b s o l u t e l y   n o   c e r t a i n t y   c a n   b e   a s s i g n e d   t o  
t h e  i n i t i a l  s t a t e  v a r i a b l e  estimate t h e n  a n  i n f i n i t e  v a r i a n c e  
should  be  used.   There are  few i f   any   cases ,   however ,   where   such  
a c o m p l e t e  l a c k  o f  k n o w l e d g e  e x i s t s  t o  w a r r a n t  i n f i n i t e  variances. 
Never the l e s s ,  when i n  d o u b t  a b o u t  t h e  a c c u r a c y  o f  t h e  i n i t i a l  
s t a t e ,  one  shou ld  t end  to  make t h e  v a r i a n c e s  l a r g e  r a t h e r  t h a n  
t o o  small. U n d e r e s t i m a t i n g   t h e   v a r i a n c e s   i n   r e l a t i o n   t o   t h e   a c -  
t u a l  e r r o r s  i n  t h e  s t a t e  v a r i a b l e s  c a u s e s  t h e  minimum v a r i a n c e  
f i l t e r  c o r r e c t i o n s  t o  be  too  small a n d  c a n  r e s u l t  i n  t h e  estima- 
t e d  t r a j e c t o r y  d i v e r g i n g  f r o m  t h e  a c t u a l  t r a j e c t o r y .  
B. Program  Applicat ions 
STEP2 i s  t h e  more gene ra l   o f   t he  two  programs  because i t  i n -  
c ludes no assumptions as t o  t h e  n a t u r e  o r  m a t h e m a t i c a l  m o d e l i n g  
o f   t h e   e x t e r n a l   f o r c e s   a n d   t o r q u e s .   I n s t e a d ,  i t  uses   t he  ac tua l  
a c c e l e r o m e t e r   a n d   i n e r t i a l   a n g u l a r  ra te  measurement. These d a t a  a l -  
r eady   i nc lude  a l l  p r o p u l s i v e ,   a e r o d y n a m i c ,   c o n t r o l   j e t ,   a n d   o t h e r  
misce l laneous   forces   and   to rques   wi th in   them.   Therefore ,  STEP2 
i s  a p p l i c a b l e  t o  a n y  t y p e  v e h i c l e  - -  b o o s t e r ,  r e e n t r y  v e h i c l e ,  
. a i r p l a n e ,   h e l i c o p t e r ,   e t c .  The only   requi rement  i s  t h a t   h e   v e -  
h i c l e  con ta in  acce le romete r s  and  gy ros  tha t  measu re  and  r eco rd  
a c c e l e r a t i o n   a n d   i n e r t i a l   a n g u l a r  r a t e  data.   Because of the  few- 
e r  a s s u m p t i o n s  i n  t h e  STEP2 model  formulation  one  would  expect 
t o  estimate a more a c c u r a t e  t r a j e c t o r y  ( p o s i t i o n ,  v e l o c i t y ,  a n d  
a t t i t u d e )  from STEP2 than  from STEP1. Furthermore,  one  would 
e x p e c t  t h e  STEP2 model t o  s a t i s f y  t h e  s e n s o r  d a t a  o v e r  a much 
longe r   t ime  span  than  STEP1. On a r e c e n t   r e e n t r y   a p p l i c a t i o n ,  
t h e  STEP2 model was f i t   t o  1300 s e c  o f  t r a j e c t o r y  d a t a  f o r  a 
v e r y  n o n l i n e a r ,  m a n e u v e r  l i f t i n g  r e e n t r y  v e h i c l e  t r a j e c t o r y .  
STEPl i s  l i m i t e d  t o  v e h i c l e s  whose  on ly  ex te rna l  acce le ra -  
t i o n s  are caused  by aerodynamic  forces  of  the  form modeled  in  
equat ions   (134)   th ru   (143) .   This  limits STEPl t o   n o n t h r u s t i n g  
i n - a t m o s p h e r e   a i r c r a f t   a n d   s p a c e c r a f t .   D i s c r e p a n c i e s  s t i l l  may 
e x i s t   b e t w e e n   t h e   a c t u a l   a e r o d y n a m i c   f o r c e   c o e f f i c i e n t ,   a t m o s -  
p h e r i c  d e n s i t y ,  mass, and  winds  from  those  modeled  in  the  program. 
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The e r r o r   m o d e l s  i n  e q u a t i o n s  (147) t h r u  (152) are an  attempt t o  
model   such   d i screpancies   in   g ross   t e rms .   Never th less ,   the   acu ta l  
v a r i a t i o n s  e x p e r i e n c e d  may not  be  a member of t h e  f a m i l y  of can- 
d ida te s   r ep resen ted   by   t he   ma themat i ca l   mode l ing .  The f i l t e r i n g  
e q u a t i o n s  h a v e  t r e a t e d  t h e  e r r o r  m o d e l  c o e f f i c i e n t s  as c o n s t a n t ,  
whereas   they  may a c t u a l l y  b e  t i m e - v a r y i n g  f u n c t i o n s .  As .a r e s u l t ,  
t h e  t r a j e c t o r y  time span used when f i t t i n g  t h e  STEPl  model  would 
be   expec ted   t o   be  much smaller t h a n  t h a t  of STEP2. One might an- 
t i c i p a t e  d i v e r g e n c e  t o  o c c u r  b e t w e e n  t h e  estimate and actual t ra-  
j e c t o r y ,  when e s t i m a t i n g  l o n g  t r a j e c t o r y  s e g m e n t s  on STEP1, t h e  
d ivergence  be ing  caused  by  incons is tenc ies  be tween the  mathemat i -  
ca l  c h a r a c t e r i z a t i o n  a n d  a c t u a l  v e h i c l e  s u b s y s t e m  p e r f o r m a n c e .  
Such   occurances   have   been   repor ted   in   re fe rences  34 t h r u  3 8 .  One 
means  of a l l e v i a t i n g  t h i s  p r o b l e m  i n  STEPl a p p l i c a t i o n s  i s  t o  
s o l v e  a ser ies  of small s e p a r a t e  p r o b l e m s  r a t h e r  t h a n  o n e  l a r g e  
con t inuous   p rob lem.   In   t h i s   manner ,  a s t epwise   approx ima t ion   t o  
t h e  time v a r y i n g   e r r o r   c o e f f i c i e n t s   c a n   b e   d e t e r m i n e d .   F u r t h e r -  
more, i f  a STEP2 so lu t ion  has  p rev ious ly  been  de te rmined ,  a com- 
par i son  of  the  s t a t e  between STEPl  and STEP2 w i l l  s e r v e  as a 
means of checking   the   accuracy   of   the  STEPl s o l u t i o n .  
It may occur  tha t  because  of  inadequate  coverage  or  da ta  
d r o p o u t ,  s u f f i c i e n t  t r a c k i n g  d a t a  a r e  u n a v a i l a b l e  t o  s o l v e  t h e  
se r ies  o f   sma l l -du ra t ion  STEPl problems.  Because STEP2 f i t s  
ove r  l onge r  t ime  spans ,  a STEP2 s o l u t i o n  may b e  p o s s i b l e  w i t h  
t h e   e r a d i c   d a t a   t i m e   h i s t o r y .   I n   s u c h   c a s e s ,  STEPl can  be f i t  
t o  t h e  p o s i t i o n  a n d  v e l o c i t y  time h i s t o r i e s  e s t i m a t e d  on  STEP2. 
C .  Data Cond i t ion ing  
Based on e x p e r i e n c e  i n  t h e  u s e  o f  f l i g h t  d a t a  i n  STEP, t h e  
f o l l o w i n g  s u g g e s t i o n s  a r e  o f f e r e d  r e l a t i v e  t o  p r e p r o c e s s i n g  o r  
cond i t ion ing  o f  da t a :  
1) T h o s e   d a t a   t h a t   a r e   u s e d   i n   t h e   e q u a t i o n s  of motion 
( i . e . ,  a c c e l e r a t i o n s  f o r  STEP2 a n d  i n e r t i a l  a n g u l a r  
r a t e s  f o r  b o t h  p r o g r a m s )  s h o u l d  b e  c a r e f u l l y  e d i t e d  
t o  remove   wi ld   po in ts .  The e d i t e d   d a t a   a r e   t h e n  
smoothed to r i d  them  of  random noise .   Because   these  
d a t a  are s a t i s f i e d  e x a c t l y  by t h e  e q u a t i o n s  of mo- 
t i o n ,  t h e  o n l y  r e m a i n i n g  e r r o r  s h o u l d  b e  s y s t e m a t i c  
and w i l l  be   accoun ted   fo r   by   t he   e r ro r   mode l s .  A 
method f o r  e d i t i n g  a n d  s m o o t h i n g  i s  p r e s e n t e d  i n  
Volume I1 o f  t h i s  r e p o r t .  
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The d a t a  t o  be processed by t h e  minimum v a r i a n c e  f i l -  
t e r i n g   e q u a t i o n s  ( i . e . ,  a c c e l e r a t i o n s  f o r  STEP1 and/  
o r  t r a c k i n g  a n d  a i r b o r n e  r a d a r  f o r  b o t h  p r o g r a m s )  
s h o u l d   n o t   b e   s m o o t h e d .   B e c a u s e   o f   t h e   s t a t i s t i c a l  
n a t u r e  o f  t h e  f i l t e r  t h e o r y ,  t h e  random n o i s e  i n  t h e  
d a t a   s h o u l d   n o t   b e   d e s t r o y e d .  The d a t a   s h o u l d   o n l y  
be c o r r e c t e d  f o r  c a l i b r a t i o n s  a n d  o t h e r  known s y s t e -  
matic e r r o r s .  
Two magnet ic   t apes   a re   then   prepared ,   one   conta in ing  
t h e  s m o o t h e d  a n d  e d i t e d  i n e r t i a l  a n g u l a r  ra tes  and 
a c c e l e r a t i o n s ,  t h e  o t h e r  t h e  u n s m o o t h e d  a c c e l e r a t i o n s ,  
t r a c k i n g ,   a i r b o r n e   r a d a r ,   p o s i t i o n ,   a n d   v e l o c i t y   t o  
be s t a t i s t i c a l l y   p r o c e s s e d .   B o t h   t a p e s   m e r g e   t h e  
d a t a  i n  c h r o n o l o g i c a l  o r d e r  a n d  s a t i s f y i n g  f o r m a t s  
d e s c r i b e d  i n  Volume I1 of t h i s  r e p o r t .  
Mar t in  Marietta Corpora t ion  
Denver,   Colorado,  June  6,   1969 
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